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BOUNDED EQUIDISTRIBUTION OE SPECIAL SUBVARIETIES 
IN MIXED SHIMURA VARIETIES 

KE CHEN 


Abstract. In this paper, we study the equidistribution of certain families of special subvarieties in gen¬ 
eral mixed Shimura varieties. We introduce the notion of bounded sequences of special subvarieties, and 
we prove that the Andre-Oort conjecture holds for such sequences. The proof follows the equidistribution 
approach used by Clozel, Ullmo, and Yafaev in the pure case. We then propose the notion of test invariant 
of a special subvariety, which is adapted from the lower bound formula of degrees of special subvarieties 
in the pure case studied by Ullmo and Yafaev, and we show that sequences of special subvarieties with 
bounded test invariants are bounded, hence the Andre-Oort conjecture holds in this case. 
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1. Introduction to the main results 

In this paper, we study the equidistribution of certain families of special subvarieties in a general 
mixed Shimura variety, and the Andre-Oort conjecture for these varieties, as a generalization of some 
results in HI and in |[^ . 

The theory of mixed Shimura varieties, including their canonical models and toroidal compactifica- 
tions, is developed in ll22l . They serve as moduli spaces of mixed Hodge structures, and often arise 
as boundary components in the toroidal compactifrcations of pure Shimura varieties. Among mixed 
Shimura varieties there are Kuga varieties, cf. ||6l, which are certain “universal” abelian schemes over 
Shimura varieties, and in general, a mixed Shimura variety can be realized as a torus bundle over a Kuga 
variety (namely a torsor whose structure group is a torus). Similar to the pure case, we have the notion 
of special subvarieties in mixed Shimura varieties. 

Y. Andre and F. Oort conjectured that the Zariski closure of a sequence of special subvarieties in 
a given pure Shimura variety remains a finite union of special subvarieties, cf. HI and EOl . R. Pink 
has proposed a generalization of this conjecture for mixed Shimura varieties by combining it with the 
Manin-Mumford conjecture and the Mordell-Lang conjecture for abelian varieties, a principal case of 
which is the following 

Conjecture 1.1 (Andre-Oort conjecture for mixed Shimura varieties, 1231). Let M be a mixed Shimura 
variety, and let {Mn)n be a sequence of special subvarieties. Then the Zariski closure o/|J^ M„ ^ ci 
finite union of special subvarieties. 
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Remarkable progress has been made for the Andre-Oort conjecture in the pure case, including the 
ergodic-Galois approach, cf. [Si, Ifldll . Il29l . |I32]|, the p-adic approach cf. ifTTll . OTTl . and the model- 
theoretic approach, cf. ||2T1, ETll . For the case of mixed Shimura varieties, Pila’s work in ll^ has 
already included products of universal families of elliptic curves over modular curves as well as some 
torus bundles on them, and Scanlon has also considered in Il26]l some cases in the universal families of 
abelian varieties over the Siegel modular variety. Recently, Z. Gao has proved the conjecture for mixed 
Shimura varieties fibred over Siegel modular varieties. 

The strategy of Klingler-Ullmo-Yafaev is summarized in [321. It assumes the GRH (Generalized 
Riemann Hypothesis) for CM fields, and does not involve model-theoretic tools. The main ingredients 
of the strategy in the pure case can be expressed as the following “ergodic-Galois alternative”: 

• equidistribution of special subvarieties with bounded Galois orbits (using ergodic theory), cf. 
13 and 1291; 

• for a sequence of special subvarieties (M„) of unbounded Galois orbits, one can construct a new 
sequence of special subvarieties (M^) such that |J^ has the same Zariski closure as |J^ M^, 
and that dim M„ < dim for n large enough. 

Note that both ingredients involve estimations that rely on the GRH for CM fields. 

In this paper, we study the equidistribution part of the ergodic-Galois alternative for mixed Shimura 
varieties. Our main result is the following: 

Theorem 1.2. Let M be a mixed Shimura variety of the form Mj^(P, Y) with (P, P) = W x (P, P) 
and K = iTw x Kq, a compact open subgroup o/P(Q), and let tt : M ^ S = be the 

fbration over the pure Shimura variety S. Let Mn be a sequence of special subvarieties in M. Write E 
for the field of definition of M. Assume that the test invariants of (M„) are bounded, i.e. 

tm(A4) < C, \fn 

for some constant C € M>o- Then the Zariski closure of[fi^ Mn is a finite union of special subvarieties. 

Here the notion of test invariants is an analogue of the degree of Galois orbits against the automorphic 
line bundle in the pure case. The main theorem is deduced from a theorem of bounded equidistribution 
in certain spaces associated to mixed Shimura varieties, cf J4.31l431l4.6l and a characterization of special 
subvarieties with bounded Galois orbits using test invariants, cf. 16.3116.51 

We briefly explain the main idea of the paper. A mixed Shimura datum in the sense of l[22ll is of the 
form (P, U, y) with P a connected linear Q-group, with a Levi decomposition P = W x G, U a normal 
unipotent Q-subgroup of P central in W, and Y a complex manifold homogeneous under U(C)P(M) 
subject to some algebraic constraints. The notion of special subvarieties in mixed Shimura varieties is 
defined in a similar way as in the pure case. We often express it as an extension (P, P) = W x (G,X) 
with (G, X) some pure Shimura datum, and W the unipotent radical of P, in which U is central. When 
U is trivial, we get Kuga data and Kuga varieties, cf. |0. 

Parallel to the pure case studied in [Si and Il29l . we first consider the Andre-Oort conjecture for 
sequences of (T, m)-special subvarieties in a mixed Shimura variety M defined by (P,y) = W x 
(G, X). Here T is a Q-torus in G and w an element of W(Q). Using the language of |0 2.10 etc, in 
a Kuga variety M = Tv xi rG\y^ defined by (P,y) = V x {G,X), (T, tuj-special subvarieties are 
defined by subdata of the form V' x {wG'w~^,wX'), and they are obtained from diagrams of the form 

M' —^ Ms> M 

TT TT 

S' 

where 

• S = rcV-A"'' is a pure Shimura variety and vr : M —)■ 5 is an abelian 5-scheme defined by the 
natural projection (P,y) —>■ (G,X); 

• 5' is a (pure) special subvariety of 5 defined by (G', X') wifh T equal to the connected center 
of G', 
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• Ms' is the abelian S''-scheme pulled-back from M ^ S, and V' is a subrepresentation in V of 
G', corresponding to an abelian subscheme A' of M 5 / —)• S'\ 

• M' is a translation of A' by a torsion section of Mg' —)• S' given by w. 

In particular, this notion is more restrictive than T-special subvarieties studied in Q as we specify w. 

The case in general mixed Shimura varieties is similar. We show that certain spaces of probability 
measures on M associated to (T, r(;)-special subvarieties are compact for the weak topology, from which 
we deduce the equidistribution of the supports of such measures, as well as the Andre-Oort conjecture 
for such sequences of (T, ryj-special subvarieties. 

We formulate the notion of i?-bounded sequences of special subvarieties, which means special sub- 
varieties that are (T, ryj-special with (T, w) coming from some prescribed finite set B of pairs (T, w) 
as above. The main result of 1291 shows that in the pure case a sequence with bounded Galois orbits is 
i?-bounded for some B, where sequences with bounded Galois orbits are sequences of special subvari¬ 
eties whose Galois orbits are of bounded degree against the automorphic line bundle. In the mixed case, 
we propose the notion of test invariants for special subvarieties, and we prove a similar characterization 
of bounded sequences using test invariants. 


The paper is organized as follows: 

In Section 1, we recall the basic notions of mixed Shimura data, their subdata, mixed Shimura vari¬ 
eties, their special subvarieties, as well as their connected components. We emphasize the fibration of 
a mixed Shimura variety over a pure Shimura variety, whose fibers are torus bundles over abelian vari¬ 
eties. We also include some results about irreducible subdata and a few reductions for the Andre-Oort 
conjecture. 

Section 2 and 3 are concerned with ergodic-theoretic results in the equidistribution of special sub- 
varieties. In Section 2, we introduce some measure-theoretic objects, such as lattice (sub)spaces, S- 
(sub)spaces, and canonical probability measures associated to special subvarieties in mixed Shimura 
varieties. The lattice (sub)spaces are similar to the cases treated in || 8 ]| and m. For a Kuga variety, the 
associated S-space is the variety itself; for a general mixed Shimura variety, the S-space is a subspace of 
the variety, which is a torsor over the corresponding Kuga variety by some compact tori. In particular, 
they support canonically defined probability measures and they are Zariski dense in the ambient mixed 
Shimura varieties. We also introduce the notion of a B-bounded sequence of special subvarieties, where 
B is a finite set of pairs of the form (T, w) as is explained above. 

In Section 3, we prove the equidistribution of bounded sequences of special lattice subspaces and 
special S-spaces. The proof is reduced to the case when the bound B consists of a single element (T, w), 
and the arguments are completely parallel to the pure T-special case in || 8 || and |[29l . The equidistribution 
of i?-bounded S-subspaces implies the Andre-Oort conjecture for a S-bounded sequence of special 
subvarieties in a mixed Shimura variety. 

In the remaining sections we investigate the relation between bounded sequences and lower bounds 
of degrees of Galois orbits. In Section 4, we give a lower bound of the degrees of Galois orbits of a pure 
special subvariety M' in a given mixed Shimura variety M against the pull-back of the automorphic line 
bundle. The estimation is essentially reduced to the case studied in Il29l . If the pure special subvariety 
under consideration is (T, mj-special, then the lower bound relies on the GRH for the splitting field Ft 
of T, and it involves the discriminant of Ft and the position of w relative to the level structure of the 
ambient mixed Shimura variety. We show that the study of the Andre-Oort conjecture can be reduced 
to ambient mixed Shimura data that are embedded in a “good product”, in which the splitting fields Ft 
of irreducible (T, mj-special subdata are CM fields. In this latter setting we estimate the contribution of 
unipotent translation in the lower bound. 

In Section 5, we consider a general special subvariety which is not pure. We did not prove an explicit 
lower bound formula in this case, instead we introduce the notion of test invariant as a substitute, and we 
show that a sequence with bounded test invariants is F-bounded for some finite B. We also show that 
in this case the Galois orbits are essentially minorated by the test invariants. The results in this section 
are formulated for ambient mixed Shimura embedded in “good products” as in Section 4. 
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Notations and conventions 

Over a base ring k, a linear fc-group H is a smooth affine algebraic fc-group scheme, and Th is the 
connected center of H, namely the neutral component of the center of H. For V a free fe-module of 
finite type, we have the general linear fc-group GLv, and we also view V as a vectorial /c-group, i.e. 
isomorphic to with r the rank of V. 

We write S for the Deligne torus Resc/RGmC- The ring of finite adeles is denoted by Q. i is a fixed 
square root of -1 in C. 

For a real or complex analytic space (not necessarily smooth), its analytic topology is the one locally 
deduced from the archimedean metric on or C"*. 

A linear Q-group is compact if its set of M-points form a compact Lie group. For P a linear Q-group 
with maximal reductive quotient P-»G, we write P(M)''' resp. P(M)+ for the preimage of G(ffi)'’' resp. 
of G(M)+, in the sense of iQ. P(]R)'’' is just the neutral component of the Lie group P(M) because the 
fiber W(M) of the projection P(M) —> G(M), namely the unipotent radical of P(M), is a connected Lie 
group. 

For H a linear Q-group and L a number field, we write for the Q-group 

For H a linear Q-group, we write X(H) for the set of M-group homomorphisms § —> Hr, and 
i5(H) for the set of C-group homomorphisms Sc —^ He. We have the natural action of H(M) on 
X(H) by conjugation, and similarly the action of H(C) on 2)(H). In particular, we have an inclusion 
X(H) 2)(H), equivariant with respect to the inclusion H(M) H(C). 

2. Preliminaries on mixed Shimura varieties 

We start with the definition of mixed Shimura data, which is “essentially” the same as ll22]| 2.1. cf. 

102.1 : 

Definition 2.1 (mixed Shimura data). (1) A mixed Shimura datum is a triple (P, U, Y) consisting of 

• a connected linear Q-group P, with a Levi decomposition P = W xi G; 

• a unipotent normal Q-subgroup U (necessarily contained in W); 

• aP(M)U(C)-orbit Y c 2)(P); 

such that by putting vru : P ^ P/U and ttw : P —> P/W = G for the quotient maps, the following 
properties hold for any yeY: 

(i) the composition ttu o y : E>c ^ Pc (P/U)c is defined over M; 

(ii) the composition vrw o y o w : GmR > Gr is a central cocharacter of Gr, where 

w : GmR —> S is induced by ; 

(iii) the composition Adp o y : E>c ^ Pc GLp^c induces on p = LieP a rational mixed Hodge 
structure of type {(—1, —1), (—1,0), (0, —1), (—1,1), (0, 0), (1, —1)}, with rational weight fil¬ 
tration W -2 = LieU, W-i = LieW, and Wq = LieP; 
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(iv) the conjugation by ?/(i) induces on a Cartan involution, and admits no compact Q- 
factors; 

(v) it is also required that the center of G acts on W thr'ough some Q-torus isogeneous to the 
product of a compact Q-torus with a split Q-torus. 

Y is actually a complex manifold on which P(M)U(C) acts transitively preserving the complex 
structure. 

(2) A pure Shimura datum (in the sense of Deligne ||3) is the same as a mixed Shimura datum (G, X) 
where the unipotent radical W is trivial. A Kuga datum (cf.||6l) is just a mixed Shimura datum (P, Y) 
with U = 1. 

(3) For S a subset of Y, the Mumford-Tate group of S, written as MT(5), is the smallest Q-subgroup 
P' of P such that y{§c) C P^ for all y € S. A mixed Shimura datum (P, U, Y) is irreducible if P 
equals MT(y). 

Remark 2.2 (Deligne vs. Pink). In the original definition Il22ll 2.1. the space Y is not a subset of 
i^(P); Pink uses a complex manifold Y homogeneous under the Lie group P(M)U(C), together with 
a P(M)U(C)-equivariant map h : Y ^ 2)(P) of finite fibers, such fhaf fhe Hodge-fheorefic conditions 

(i)-(iv) in 12.II hold for poinfs in h{Y). One can show, cf. f22\ 2.l2. fhaf fhe connected componenfs of 
fhe space Y in fhe sense of Pink are fhe same as fhe connected componenfs of fhe space Y in fhe sense 
of l2.ll The main resulfs of fhis paper focus on connecfed mixed Shimura variefies, and we prefer fo use 
fhe simpler definifion given above. 

Definition 2.3 (morphisms of mixed Shimura dafa). A morphism befween mixed Shimura dafa is of fhe 
form (/,/*) : (P,U,y) ^ (P',U',y') where / : P — > P' is a Q-group homomorphism sending U 
info U', and fhe push-forward /* : )5(P) ^ ^^(P'), h ^ f oh sends Y info Y', such fhaf f^iY^Y' 
is equivarianf wifh respecf fo / : P(]R)U(C) ^ P'(M)U'(C); one can show fhaf /* : y ^ y' is a 
smoofh map befween complex manifolds, cf. ll22]| 2.3 and 2.4. We further single ouf fhe following cases: 

(1) (P, U, y) is said fo be a mixed Shimura subdatum of (P', U', Y') if / and /* are bofh injective. 

(2) For N C P a normal Q-subgroup, fhe quotient of (P,U, y) by N is fhe mixed Shimura da- 

fum (P',U',y') where P' is fhe quofienf Q-group P/N, U' is fhe image of U in P', and Y' is fhe 
P'(M)U'(C)-orbil of fhe composition ttn oy : ^ P^ ^ P^ for any y ^Y, where ttn : P ^ P' = 

P/N is fhe nafural projection, cf. ll22l 2.9]. We fhus write (P',U',y') = (P/N,U/(U PI N),y/N) 
wifh y/N := y'. 

If should be menfioned fhaf in fhe quofienf consfrucfion fhe map Y ^ y' is nof surjecfive in general. 
For example, if (G, X) is a pure Shimura dafum and Z is fhe center of G, fhen fhe quofienf (G®''^, 
of (G, A) by Z is a pure Shimura dafum. The connecfed componenfs of X^ and X are all isomorphic 
fo fhe Hermifian symmefric domain defined by fhe connecfed Lie group G®''^(M)+ as fhe cenfer of 
G(M)+ acfs on fhe domain frivially. However more connecfed componenfs could appear in X^ fhan 
in X, simply because G^‘^(M) could have more connecfed componenfs. This can be also seen from fhe 
exacfness of 1 —)• Z(M) ^ G(R) G®'‘^(M) where fhe lasf arrow is nof surjecfive in general, which is 
deduced from fhe exacf sequence of linear Q-groups 1 —> Z —)■ G —)■ G^*^ —>• 1 wifh Z fhe cenfer of G. 

When N is unipofenf, fhe map Y y/N is surjecfive, whose fibers are isomorphic fo N(R)Un(C) 
wifh Un = U n N, and in fhis case we often use fhe more precise nofafion y/N(M)UN(C) in place of 
fhe vague expression y/N, cf. |[22l 2.18. 

In particular, faking N = U and W successively, we see fhaf a mixed Shimura dafum fifs info a 
sequence 

(p,u,y) ^ (p/u,y/u(c)) ^ (p/w,y/w(M)u(c)) 

where (P/U, y/U(C)) is a Kuga dafum and (P/W, y/W(M)U(C)) is a pure Shimura dafum. 

(3) As a nafural combination of (1) and (2), when a morphism befween mixed Shimura dafa (/, /*) : 
(P, U, y) —)■ (P', U', Y') is given, ifs image is fhe friple (/(P), /(U), /*(y)). One verifies direcfly 
from fhe definifion fhaf fhe image is a subdafum of (P', U', Y') and equals fhe quofienf of (P, U, y) by 
N := Ker(/ : P ^ P'). 

(4) A pure section of (P, U, y) associated to the Levi decomposition P = W x G is a pure Shimura 
datum (G, A) which is a subdatum of (P, U, y) such that the Q-group homomorphism G ^ P is given 
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by the Levi decomposition and the composition (G,X) (P,U, y) —> (P/W, y/W(M)U(C)) is 

an isomorphism. 

(5) For (Pj, Uu, y*) two mixed Shimura data (i = 1, 2), we have the product (Pi xP 2 ,UixU 2 ,yiX 
y 2 ) which is a mixed Shimura datum in an evident way, cf. ll22]| 2.5. 

Proposition 2.4 (unipotent radical and Levi decomposition). Let (P, U, y) be a mixed Shimura datum, 
with P = W G a Levi decomposition. Write V = W/U. Then: 

(1) U and V are commutative, and W is a central extension ofW by\J i.e. 1 ^ U —> W ^ V ^ 1. 
Writing the group laws on U and on V additively and fixing an isomorphism ofQ-schemes W = U x V, 
the group law on W writes as 

{u, v) ■ {u', v') = {u + u' + v'),v + v') 

where the commutator map W x W ^ W has image in U and factors through a unique alternating 
bilinear map : V x V —> U. 

(2) For any y G Y, the action of Sc on LiePc induces on U resp. on V (both viewed as finite¬ 
dimensional Q-vector spaces) a Hodge structure of type (—1, —1) resp. of type {(—1,0), (0, —1)}- 

(3) For any y ^ Y, write x : E>c ^ Gc far the composition vrw o U- Then x is defined over 
M and x (z Y. Gutting X = G(M)x the orbit of x in Y under G(]R) we obtain a pure Shimura 
subdatum (G,X) o/(P,U,y), and the composition of the inclusion with the reduction modulo W is 
an isomorphism: (G, X) ^ (P, U, y)—»(P/W, y/W). Moreover the Hodge types of p\j o x resp. 
of py o X (—1, —1) resp. {(—1,0), (0, —1)}, where pu resp. pv are the action of G on U resp. on 
W/U = W by conjugation, and : V X V \J is G-equivariant. The representation p\j factors 
through a split Q-torus. 

In particular, (P, U, y) = W x (G, X) is a split unipotent extension in the sense of II22II 2.21. 

(4) P^®'' equals W x G^®’’ and it admits no non-trivial compact quotient Q-groups. 

Proof. (1) and (2) are found in |[22]| 2.15, 2.16. 

(3) Since ttu o y is already defined over M, the homomorphism vru oy : § —> (V x G)r, whose image 
is an R-torus, factors through some Levi R-subgroup of the form uGru"^ for some v € V(R). Thus 
vruoy : §c Pc/Uc factors through vGcv~^. The pre-image of vGcv~^ in Pc is Uc xi (tuGcru”^) 
for some w € W(C) lifting v. In Uc xi 'wGcw~^ the maximal reductive C-subgroups are Levi C- 
subgroups of the form w'Gcw'~^ with w' G U(C)ru C U(C)W(R). In particular, conjugate y by 
w' we get X G y such that x(Sc) C Gc C Pc- Since the composition G ^ P^G is the identity, 
we factorize x : §c Pc into the composition §c Pc^Gc > Pc- The composition vrw ° x : 
Sc ^ Pc“^Gc is defined over R, and fhe projecfion Pc ^ Gc is defined over R as P —G is already 
defined over Q. Hence x is defined over R. 

Since x G y, and LieG = LieP/LieW, we see that the Hodge structure given by x : S Gr on 
LieG is of type {(—1,1), (0,0), (1, —1)}, and the conjugation by x(i) induces a Cartan involution on 
Gl'^. The G(R)-orbit X of x inside Y C 2)(P) clearly lies in 2)(G) (and actually lies in the real part 
jt(G)), hence the pair (G, X) is a pure Shimura datum, and the inclusion (G, X) (P, U, Y) makes 
it a pure Shimura subdatum. 

The claims on Hodge types and the pairing 'll: are immediate from (1) and (2). The claim on the 
action of G on U is clear because P acts on U through a split Q-torus by fT2\ 2.14 and G acts thr'ough 

G P. 

(4) From l[22ll 2.10 we know that contains W. It clearly contains hence P^®’’ D W x G®^®’’. 

The quotient P/(W x G'^®'^) is already commutative, which gives the inclusion P'^®'^ C W x G®^®’’ in 
the other direction. From 12.11 (iv) we know that P'^®'^ admits no compact quotient Q-groups other than 
the trivial one. □ 

Notation 2.5 (group law). Aside from the group law (n, v) • (tt', v') = {u-\-u' -\- \'ip{v, v'),v v') and 

the evident equality (tt, x)” = (nn, nv), the following identities will be useful for elements (n, x, g) in 
P = U X V X G, in which the neutral element is (0,0,1): 

• multiplication {u,v, g){u',v', g') = {u + g{u') +g{v')),v + g{v'), gg')-, 

6 


• inverse {u,v,g) ^ = {-9 ^{u),-g ^{v),g ^), namely (t(;, 5 -) ^ = {g ^{w ^),g ^)fort(; = 
{u,v) 

• and the commutator between W and G is 

(u,u,l)( 0 , 0 , 5 )(-u,-r;,l)( 0 , 0 , 5 "^) = {u - g{u),v - g{v),l) 

where we write g{u) = gug~^ = p\j{g){u) and similarly for g{v), g{w). 

We thus prefer treating a general mixed Shimura datum as a split unipotent extension of a pure 
Shimura datum by two unipotent Q-groups subject to certain conditions, and we often reformulate this 
as the following: 

Definition-Proposition 2.6 (fibred mixed Shimura data). (1) Let (G, X) be a pure Shimura datum, and 
let pu : G —> GLu and pv : G —)■ GLv be two finite-dimensional algebraic representation, together 
with an alternating G-equivariant bilinear map y) : V x V —> U, giving rise to a central extension of 
unipotent Q-groups 1—)-U—)-W—>V—>1. Assume that 

• for any x ^ X, the composition pu o x is a rational Hodge structure of type (—1, —1), and 
pv o a: is a rational Hodge structure of type {(—1,0), (0, —1)}; 

• the connected center of G acts on U and on V thr'ough Q-tori subject to the condition (iv) in 

[Q 

Then by putting P = W x G and Y the P(M)U(C)-orbit of any x : § ^ Gr —)■ Pr, the triple 
(P,U,y) thus obtained is a mixed Shimura datum. The canonical projection (P,U, P) —)■ (G,X) 
is the quotient by W, and (G,X) is naturally a pure section by the evident inclusions G P and 
A y. In particular, Y can be viewed as a holomorphic vector bundle over X, whose fibers are 
isomorphic fo fhe Lie algebra of W(M)U(C). 

We call (P, U, y) fhe mixed Shimura datum fibred over (G, X) by fhe represenfafions pu and pv 
and fhe alfernafing map y). We wrife (P,U, y) = W x (G,Ai) = (U, V) x (G,y) and Y = 
W(M)U(C) X X fo emphasize fhaf fhe role of fhe Levi decomposition. 

(2) A morphism befween fibred mixed Shimura dafa is a commufafive diagram of fhe form 


(p,u,y)^^(p',u',y') 


TTw 


TTw' 


(G,X)—^^^(G',X') 


where fhe verfical arrows are reducfions modulo fhe unipofenf radicals, inducing fhe bottom horizonfal 
morphism of pure Shimura dafa from fhe upper one. Nofe fhaf fhe commufafive diagram give rise fo 
homomorphisms a : V ^ V', /3 : U —> U' and W ^ W' wifh I3{'4>{v, v')) = 'ip'{a{v), a{v')). 

Identify (G,X) resp. (G',X') as a pure subdafum of (P,U,y) resp. of (P',U',y') via splif 
unipofenf exfension as in (I). If fhe morphism (/,/*) : (P,U, y) ^ (P',U',y') sends fhe pure 
subdafum (G, X) info (G', X'), fhen fhe morphisms a and /3 are equivarianf wifh respecf fo / : G ^ 

G', and P —> P' can be recovered as (u, v, q) 1 -^ (B(u),a(v), f(q)) when we use fhe isomorphisms of 
Q-schemes P = U x V x G and P' = U' x V' x G'. 

Conversely, assume fhaf fibred mixed Shimura dafa (P, U, y) = (U, V) x (G, X) and (P', U', y') = 
(U',V') X (G',X') are given. If (/,/*) : (G,X) — > (G',X') is a morphism of pure Shimura 
dafa, fogefher wifh /-equivarianf homomorphisms a : V ^ V' /3 : U —> U' and B{fii{v,v')) = 
a(r;')). Then (/,/*) : (G,X) ^ (G', X') exfends fo a morphism of mixed Shimura data 
(/,/*) : (P,U,y) (P',U',y'), with the Q-group homomorphism being {u,v,g) 1 -^ {B{u),a{v), f{g)) 

under the isomorphism of Q-schemes P = U x V x G and P' = U' x V' x G'. 

Proof. (I) is clear from l2.4l and Il22]l 2.16, 2.17, 2.21. See Il22]l 2.18 and 2.19 for the proof for Y being a 
holomorphic vector bundle over X. 

(2) When (/, /*) : (P, U, Y) (P', U', y') is a morphism of mixed Shimura data, the Lie algebra 
map Lie/ : LieP LieP' respects the rational weight filtration and the central extension structures 
on the unipotent radicals. Hence /(U) C U', /(W) C W', with f5{'tp{v,v')) = ij)'{a{v),a{v')) for 
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v,v' G V, where a and /3 are induced by /. Reduce modulo the unipotent radicals of (/,/*) gives 
(G, X) —> (G'j X') together with a commutative diagram of the mentioned form. 

If moreover (/, /*) : (P, U, V) —)■ (P', U', Y') sends (G, X) into (G', X'), then the homomorphism 
/ : P ^ P' sends the Levi Q-subgroup G into G'. The homomoiphisms between normal unipotent 
Q-groups U —7> U' and W —)■ W' are equivariant with respect to P —> P', hence we get a : V ^ V' 
and /3 : U —)• U' equivariant with respect to f : G —> G'. The recovery of / : P —P' by a, /3 and 
/ : G ^ G' is immediate. 

Conversely, if we are given fibred mixed Shimura data (P, U, P) = (U, V) xi (G, X) and (P', U', V') = 
(U',V) X (G',X'), a Q-group homomorphism / : G ^ G' with /-equivariant maps a and /3 nat¬ 
urally gives rise to a unique Q-group homomorphism / : P —> P' subject to the formula {u,v,g) 

a{v)J{g)), and : ^^(P) ^ i5(P') sends P the P(M)U(C)-orbit of X into P'the P'(M)U'(C)- 
orbit of X'. It is easy to verify that for any y G Y, the mixed Hodge structure on LieP satisfies fhe 
consfrainfs in 12. 1 1 and fhaf (/, /*) : (P, U, Y) (P', U', Y') is a morphism of mixed Shimura dafa, 
using fhe Hodge fype condifions on U, V and U', V' given in (I). □ 

In parficular we have fhe following corollaries on pure sections and subdafa: 

Corollary 2.7 (pure section). ^(P,U, P) = W x (G,X) is a fibred mixed Shimura datum, then the 
pure sections o/(P, U, P)-»(G, X) are exactly subdata of the form {wGw~^ ,wX) with w running 
through W(Q), and they are the same as maximal pure subdata of (P, U, Y). 

Proof If is clear fhaf each {wGw~^ ,wX) is a pure section for any given w G W(Q). Conversely, if 
(G',X') is a pure section in fhe sense of l2.3r 3). fhen G' = wGw~^ is conjugate fo G by some w G 
W(Q), hence {w~^G'w, w~^X') = (G, w~^X') is a pure subdafum of (P, U, Y). Since P = W x G, 
fhe composition of fhe evidenf maps befween 2)(G) —> ^(P) ^ ?)(G) induced by G ^ P^G is fhe 
identify. Apply fhe composition fo fhe subsef w~^X' C X(G) C 2)(G), we see fhaf ifs image in 2j(G) 
musf be X because (G, u;“^X') is a pure section, hence w~^X' = X. 

The maximalify is clear because maximal reductive Q-subgroups of P are exacfly fhe Levi Q- 
subgroups, hence conjugate fo G by W(Q). □ 

Corollary 2.8 (sfrucfure of subdafa). Let (P,U,y) be a mixed Shimura datum fibred as (U,V) x 
(G, X), and let (P', U^, P') be a mixed Shimura subdatum. Then there exists a pure Shimura subdatum 
{G',X') o/(G,X), an element w G W(Q), and a unipotent Q-subgroup W' of XL, such that P' = 
W' X wG'w~^ and (P^,U^,P^) = (U^,V') x {wG'w~^,wX') as a fibred mixed Shimura datum. 
Here V' = W'/U' resp. U' = U fi W' is a Q-subspace ofX resp. o/U stabilized under 'wG'w~^, 
and V X V —> U restricts to V' x V' ^ U' and is equivariant under wG'w~^. The pure subdatum 
{wG'w~^,wX') in (P, U, P) is a pure section of (P', U', P'). 

Proof. The idea is fhe same as IQ 2.10. Lef (Pq, Pq) be a maximal pure Shimura subdafum of (P', U', Y'), 
fhen ifs image (G', X') in (G, X) is a pure Shimura subdafum. Note fhaf (P', U', Y') is a subdafum of 
W X (G', X') confaining a maximal pure subdafum (Pq, Tq) = {wG'w ^,w') for some w G W(Q). 
We are fhus reduced fo fhe case when (G', X') = (G, X). 

In fhis case (Pq, Pq) = (wGw~^,wX), and fhe unipofenf radical W' of P' is nafurally a Q-subgroup 
of W sfabilized by rcGrc^^-conjugafion. Using (wGw~^, wX) as a pure section corresponding fo fhe 
Levi decomposition P' = W' x (wGw~^), we see fhaf fhe intersection U' := U n W' is fhe weighf -2 
parf due fo fhe rafional weighf filfrafion given by any y G wX, and V' = W'/U' equals fhe image of 
W' in V, which is clearly sfable under wGw~^. The bilinear map fii :X x Y ^ U clearly resfricfs fo 
'll;' : V' X V' ^ U' and is wGw ^-equivarianf, as immediafe consequences of fhe Lie brackef sfrucfure 
on LieW' and fhe Hodge fypes. □ 

The following lemma is fhe mixed analogue of |[29]l Lemma 3.7. 

Lemma 2.9 (common Mumford-Tale group). . Let (P,P) = W x {G,X) be a mixed Shimura datum. 
IfP' C P is a Q-subgroup coming from some subdatum (P',P'), then there are only finitely many 
subdata of the form (P',P") in (P,P). 


Proof. When (P,U, y) is pure, this is proved in Il29l Lemma 3.7. For a general Q-subgroup P', if 
there exists a subdatum of the form (P', then U' = U n P' and the unipotent radical W' = 

W n P' in P' are independent of Y' by the constraints of Hodge types. Choose a Levi decomposition 
P' = W' XI wG'w~^, we have (P', U', Y') = W' xi {wG'w~^,wX') for some pure Shimura subdatum 
{wG'w~^,wX') C {wGw~^,wX), namely the (P', U', Y') is constructed out of {wG'w~^,wX') by 
some unipotent Q-subgroup W'. There are at most finitely many pure Shimura subdatum of the form 
{wG'w~^,wX') in {wGw~^,wX), hence the finiteness of mixed Shimura subdata associated to P' 
follows. □ 

We also include the following result that allow us to generate subdata by “taking orbits”: 

Lemma 2.10 (generating subdata). Let (P, U, P) = W xi (G, X) be a mixed Shimura datum. Let P' 
be a Q-subgroup o/P admitting no compact semi-simple quotient Q-group, and P^ D y {E>c) for some 
y (zY. Then 

(1) P' = W' XI wG'w~^ for some reductive Q-subgroup G' ofG and some w G W(Q) and unipotent 
Q-subgroup W' C W. 

(2) if moreover the connected center ofwG'w~^ acts on W' through a Q-torus subject to \2.1\ v). then 
the triple (P', U', Y') with U' = U H W' and Y' = P'(M)U'(C)y is a mixed Shimura subdatum of 

(p,u,y). 

(3) In particular, ifP' = MT(y''“) is the generic Mumford-Tate group of a connected component of 
Y, then (1) and (2) holds for P', with = P'^^F 

Proof. (1) The image of P' along tt = ttw : P —)• G is a Q-subgroup G' of G such that G^ D x(Sc) 
for X = TT*?/. Since x is already defined over M by 12.1( 1'). we have x{E>) C G'-^ C Gr. Since fhe 
cenfralizer of x{S) in Gr is compacf, by ifTTlI Lemma 5.1 we see fhaf G' is reducfive. The kernel 
W' := Ker(P' —)■ G') is confained in W, hence unipofenf. Thus P' admits a Levi decomposition 
of the form W' xi H', where H' is a maximal reductive Q-subgroup of P'. H extends to a maximal 
reductive Q-subgroup in P of the form wGw~^, hence is a reductive Q-subgroup of G, and it 

coincides with the image of P' modulo W', which gives H = wG'w~^. 

(2) Note that wG'w~^ admits no compact semi-simple quotient Q-group as this is already true for 
P'. Since the homomorphism y : Sc —)• Pc factors thr'ough P^, we see that the Lie algebra p' = LieP' 
is a rational mixed Hodge substructure of p = LieP, where the weight filtration is induced from the one 
on p by restriction, and the Hodge types do not exceed the set 

{(- 1 , - 1 ), (- 1 , 0 ), ( 0 , - 1 ), (- 1 , 1 ), ( 0 , 0 ), ( 1 , - 1 )}. 

Thus U' = U n P' is the weight -2 part and W' is the part of weight at most -1. The involution induced 
by y(i) in Gr stabilizes G^, hence it induces further a Cartan involution on Gg'^ because G"^^ admits 
no compact Q-factors. The remaining conditions in 12.H are automatic, hence (P',U',y') is a mixed 
Shimura datum, and it is clearly a subdatum of (P, U, y). 

(3) When P' = MT(y+), the image of y+ in X is a connected component X~^ of X, and the image 

G' of P' is a reductive Q-subgroup of G such that a:(S) C Gg for all x G X+. If MT(X+) C G', then 
the pre-image P" of MT(X+) in P' is a proper Q-subgroup and P^ D y(Sc) for all y G Y'^, which 
is absurd, and we get G' = MT(X''’). When x runs thr'ough X^, using 12.91 we only get finitely many 
pure subdata of the form (G', X[ = G'(M)x), z = 1, • • • , m. Each X' is an complex submanifold of X, 
whose connected components are Hermitian symmetric subdomains of connected components of X, and 
the finite union |J^ X' contains X'*'. It turns out that at least one of them, written as X', is of dimension 
equal to dim X'*', and we must have X'^ = X"*" for some connected component of X'. Since X'^ resp. 
X"*" is homogeneous under G''^®’'(M)''' resp. under the inclusion of connected semi-simple 

Lie groups G'‘^®''(]R)'’' C has to be an equality, and we get = G'^®’’, and only one 

subdatum of the form (G', X') is produced this way: X' = G'(]R)X+. 

In particular, the center of G' is a Q-subtorus of G, and its action on W satisfies the condition (v) in 

lO 

The kernel of P' —> G' is unipotent, hence P' = W' xi G' for some unipotent Q-subgroup W' C W, 
which is the extension of V' = W'/U' by U' := U fl P'. When y runs through Y~^, again by 12.91 we 
only get finitely many subdata of the form (P', U', 17') with Yl = P'(M)U'(C)yi for some yi G Y~^, and 
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each connected component of ¥( is a complex submanifold of Y homogeneous under P'(M)+U'(C). 
We thus have a finite union IJ^ Yi containing y+. By |[22]| 2.19, each Y^ is a complex vector bundle over 
an Hermitian symmetric domain isomorphic to , and the fibers are isomorphic to W'(M)U'(C). If 
W' C W^, then the finite union Yi cannot contain Y'^ by dimension arguments because Y^ is 
isomorphic to a complex vector bundle over X~^ with fibers isomorphic to W(M)U(C). Hence we must 
have W' = W, and thus = W x 

□ 

Corollary 2.11 (pure irreducibility). Let (P, P) = W x (G, X) be a mixed Shimura datum fibred over 
a pure one (G, X). Then (P, Y) is irreducible if and only if{G, X) is irreducible. 

Proof. If (P, Y) is irreducible, then (G, X) is irreducible by ||6l 2.4(2). 

Conversely, assume that (G, X) is irreducible, and P' is a Q-subgroup of P such that y{E>c) C Pc- 
Write G' for the image of P' in G, then x(S) C Gjj for all x G X, which gives G' = G, and 
P' = W' X wGw ^ for some w € W(Q) by 12.101 1). Since Y D for any connected component 
of y, we have P' D MT(y+), and thus P' D W by the arguments in 12.101 3). which gives 
P' = W X wGvj-^ = W X G = P. □ 

Convention 2.12. In a mixed Shimura datum (P, U, y), the Q-group U, the unipotent radical W, and 
thus the quotient V = W/U as well, are uniquely determined by any y £ Y, because the weight 
filtration of the mixed Hodge structure given by Adp o y : §c — Pc ^ GLpc on p = LieP determines 
LieU and LieW, which in turn determine the connected unipotent Q-groups U and W. We will call U 
the unipotent part of weight -2 of P or of the datum. In the sequel we simply write (P, y) for the datum, 
and U always denotes the unipotent part of weight -2 if no further use of the notation is specified. As 
for morphism between mixed Shimura data, we often write / instead of a pair (/, /*). 

Definition 2.13 (mixed Shimura varieties, cf. Il22]| 3.1). Let (P,y) = (U, V) x (G,X) be a mixed 
Shimura datum, and let K C P(Q) be a compact open subgroup. The (complex) mixed Shimura variety 
associated to (P, y) at level K is the quotient space 

Mk{P,Y){C) = P(Q)\[y x P(Q)/iT] = P(Q)+\[y+ X P(Q)/i^] 

where the last equality makes sense for any connected component Y^ of Y because P(Q)+ equals the 
stabilizer of Y~^ in P(Q). 

Using the finiteness of class numbers in l[24l 8.1, we see that the double quotient P(Q) 4 .\P(Q)/iT 
is finite. Writing CR. for a set of representatives, we then have 

MK(P,Y)(C) = JJrK(a)\Y+ 
aeOl 

with rii:(a) = P(Q)+ n aKa~^ a congruence subgroup of P(M)_|_. 

Pink has shown in |[22ll that such double quotients are normal quasi-projective varieties over C, gen¬ 
eralizing a theorem of Daily and Borel cf.|l2l. He has further shown that mixed Shimura varieties 
Mk{P,Y) admit canonical models over their reflex fields £'(P,y), which are certain number fields 
embedded in C. In this paper, we treat mixed Shimura varieties as algebraic varieties over Q, and we 
denote them as Mk{P, Y), equipped with the Galois action using the canonical model. In Section 2 and 
3 we only use complex mixed Shimura varieties, and in Section 4 and 5 we will use some elementary 
properties of canonical models. 

Kuga varieties resp. pure Shimura varieties are mixed Shimura varieties associated to Kuga data resp. 
pure Shimura data. 

If (P,y) —)• (P',y') is a morphism of mixed Shimura data, then we have the inclusion of reflex 
fields E(P',Y') C £'(P,y), cf. Il22ll 11.2. For the moment it suffices to know that the following 
morphisms are functorially defined with respect to the canonical models: 

Definition 2.14 (morphisms of mixed Shimura varieties and Hecke translates, cf. |[22l 3.4). (1) Let 
/ : (P,y) (P',y') be a moiphism of mixed Shimura data, with compact open subgroups K C 

P(Q) and K' C P^(Q) such that f{K) C K', then there exists a unique morphism Mk{P,Y) —)• 
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Mx'(P', 1^0 of Shimura varieties whose evaluation over C-points is simply [x,aK] [f^:{x), f{a)K']. 
It is actually defined over £^(P, y). 

For (P,X) = (U,V) XI (G,X), the natural projection vr : (P,y) (G,X) gives the natural 

projection onto the pure Shimura variety 

We can refine fhis projection info 

Mk{F,Y) ^ M,^(;^)(P/U,y/U(C)) ^ iF4(^)(G,X) 

as TT = vTw = ttv o ttu, and fhe sequence means fhaf a general mixed Shimura variefy is fibred over 
some Kuga variefy. 

(2) Lef (P, y) be a mixed Shimura dafum, and <7GP(Q)- For K C P(Q) a compacf open subgroup, 
fhere exisfs a unique isomorphism of mixed Shimura varieties Tg : Mgj^g-i (P, y) — Mk(P, Y) whose 
evaluation on C-poinfs is 

Tg : [x,agKg~^] ^ [x,agK]. 

If is acfually defined over £^(P, y), and we call if fhe Hecke translation associafed fo g. 

Lafer in Section 4 we will use Hecke franslafion by u; G W(Q) fo obfain isomorphisms befween 
differenf pure sections of Mk(P, Y) under suifable consfrainfs on fhe level sfrucfures. 

We will show lafer in l2.20l thaf fhe Andre-Oorf conjecfure is insensifive fo fhe change of K by smaller 
compacf open subgroups, hence in fhis paper we will mainly work wifh levels K fhaf are neaf, see ll22]| 
Infroducfion (page 5). Mixed Shimura varieties af neaf levels are smoofh. 

We also infroduce an auxiliary condition of fhe compacf open subgroup K : 

Definition 2.15 (levels of producf fype). Lef (P,y) = (U, V) xi (G, A) be a fibred mixed Shimura 
dafum. 

(1) A compacf open subgroup K of P(Q) is said fo be of product type, if if is of fhe form K = 
iFw X Kg for compacf open subgroups iFw C W(Q), Kq, C G(Q), wifh iFw the cenfral exfension 
of a compacf open subgroup Ksj C V(Q) by a compacf open subgroup ATu C U(Q) fhrough fhe 
resfricfion of ij)', K\j and Ksj are required fo be sfabilized by Kq,. 

(2) A compacf open subgroup K in P(Q) is said fo be of fine product type if 

• (2-a) if is of producf fype and K = WpKp for compacf open subgroups Kp C P(Qp) for any 
rational prime p, such fhaf for some p prime, is neaf (hence K is neaf, and Kq,^p is neaf); 

• (2-b) we also require fhaf Kq, = KQdsrKc where C is fhe connecfed cenfer of G, wifh compacf 
open subgroups KQd er c G^®4Q) and Kq C C(Q) bofh of fine producf fype in fhe sense of 
(a). 

• (2-c) fhere exisf Z-laftices Fu C U(Q) and Fv C V(Q) such fhaf 

- '0(rv X Fv) C Fu, hence they generate a congruence subgroup Fw in W(Q); 

- Kjj resp. iFv is the profinite completion of Fu resp. of Fv, hence the same for iFw with 
respect to Fw- 

In this case we also write Kp = K^w^p xi Kq p and AT? = npiF?,pfor?G{U,V,W,G,P}. 

Remark 2.16 (two-step fibration, cf. Il22]l Chapter 10). If AT = ATw x Kq, then 7r{K) = Kq and we 
have an evident morphism r(0) : (G, X) ^ Mk(P, Y), which we called the zero section of the 

(fibred) mixed Shimura variefy defined by (P, y) = (U, V) xi (G, X). The nafural projection can be 
refined info 

Mk{Y,Y) YX, x (G, A)) ^ Mk^{G,X) 

where ttv is an abelian scheme wifh zero section ttu o i(0), and ttu is a forsor under Fu\U(C). Since 
U is commufafive, Fu is a Z-laffice in fhe Q-vecfor space U(Q), and Fu\U(C) = (C/Z)^™^ is an 
algebraic forus, whose characfer group is nafurally identified wifh Fu- 

Example 2.17 (Dafa of Siegel fype). Lef V be a finife-dimensional Q-vecfor space, equipped wifh a 
symplecfic form •i/; : V x V —> U where U = Ga is fhe one-dimensional rafional Hodge sfrucfure of 
fype (-1,-1). (1) We have fhe following dafa: 
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(1-1) pure Shimura datum of Siegel type: From the Q-group GSpv = GSp(V, ?/)) of symplectic 
similitude, we obtain the pure Shimura datum (GSpv,=^^), with *^he 

Siegel double space associated to (V, ?/)). The pure Shimura varieties it defines are Siegel mod¬ 
ular varieties (with suitable level structures). When (V, ?/)) is the standard symplectic structure 
on it is often written as (GSp 2 g, 

(1-2) Kuga datum of Siegel type: For any x G the standard representation pv : GSpv —> GLv 
defines a rational Hodge sfrucfure (V,pvox) oflype {(—1,0), (0, —1)}, hence wegeffhe Kuga 
dafum V x (GSpv, which we denote as (Qv, 

(1-3) mixed Shimura dafum of Siegel fype: The symplectic form defines a cenfral extension W of V 
by U, and if is easy fo verify fhaf (Pv, '^v) := (U, V) x (GSpv, is a mixed Shimura 
dafum fibred over fhe Siegel dafum. Note fhaf when g = 0, fhe mixed Shimura dafum is of fhe 
form Ga XI (Gm, wifh and is a single poinf. 

Somefimes we also call Kuga dafa of Siegel fype as mixed Shimura dafa of Siegel fype. 

(2) The fhree classes of mixed Shimura dafa given above are all irreducible: 

(2-1) For (GSpv,^x^), is fhe simple Hermifian symmefric domain corresponding fo fhe con¬ 
nected simple Lie group Spv(IR)- If there is a pure subdatum (H,Xh) with Xu containing 
then Xu is either X^ := or and X^ is a homogeneous space under H'^®''(M)+. 
Since C Spv, the classification of simple Hermitian symmetric domains forces the equal¬ 
ity = Spv because they both give rise to M’y . Note that the image of GmK C § (corre¬ 
sponding to M^C^) under any x G is the center GmR of GLv,k, namely acting on Vr by 
the central scaling. Hence H D Gm, i-O- H contains the center Gm of GSpv, which implies 
H = GSpv- 

(2-2) For (Q,r) = V x (GSpv,^), y is the V(M)-orbit of ^ in X(Q). If Q' C Q is a 
Q-subgroup such that y(§) C Qjj for all y G iF, then restricting to x G C iF we get 
Q' D GSpv The image of Q' in GSpv is clearly equal to GSpv, and the unipotent radical V' 
of Q' is necessarily a Q-subgroup of V. Thus a Levi decomposition of Q' over Q is of the form 
V' X GSpv Since the V is irreducible as a representation of GSpv, we must have V' = V, 
which gives Q' = Q. 

Note that similar arguments show that U x (GSpv,^) is an irreducible mixed Shimura 
datum, using the action of GSpv on U = Ga by the square of the central character. 

(2-3) For (P,'^) = (U, V) x (GSpv,^x^), W is the extension of V by U = Ga using the 
symplectic form V’- If P' C P is a Q-subgroup such that y(Sc) C Pjg, then when y runs 
through points in U(C) x the irreducible subdatum U x (GSpv, =x^) forces the inclusion 
U X GSpv C P', and in particular GSpv C P'. Hence P' admits a Levi decomposition over Q 
of the form W' x GSpv, where W' is a unipotent Q-subgroup of W containing U. Thus W' 
is an extension of V' = W'/U by U using the restriction of '0. W' and U' being both stable 
under GSpv, we see that V' is a GSpv-stable Q-vector subspace of V, hence the equalities 
V' = V, W' = W, and P' = P, because V is an irreducible representation of GSpv- 

(3) Note that in a product of the form (G,X) = (GSp^^_^, J^-^) x • • • x (GSpv,,, we can 

construct irreducible subdata of the form (G',X') where G' is the Q-subgroup generated by = 
Oj SPVj plus a split Q-torus Gm that acts on each Vj by the central scaling, and X' is the G'(M)-orbit 
of some X = (xi, • • • , Xn) ^ X = Y\j In fact x sends into xi(§^) x • • • xx„(S^) G Hj Spv^^R’ 
and sends GmR to the center of GL®^Vj ■ Hence bv l2.101 (G', G'(M)x) is a subdatum of (G, X), which 
is clearly irreducible. However G(M) has only two connected components, as its center Gm(I^) has only 
two connected components and G'^®’"(M) = Hj ^Pv^ (1^) is connected, and thus G'(M)x has only two 
connected components, while X = has 2” connected components. 

For a point x G X, we have its signature vector Sx G (±)”, describing whether it is positive or 
negative definite on Vj, j = 1, • • • ,n. Two points x = (xj) and x' = (x') in X fall in the same 
connected component if and only if they have the same signature on each Vj. Hence x' G G'(M)x if 
and only if Sx' = ±Sx- When x runs through X, we get finitely many irreducible subdata of the form 
(G', G'(M)x), which follows from 12.91 It is also clear that the generic Mumford-Tate group of each 
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connected component of X is G'. Although we mainly work with Shimura data in the sense of Deligne, 
we mention that the pair (G', X = ) is a pure Shimura datum in the sense of Pink Il22l 2.1, as 

each X ^ X gives a homomorphism S —)■ G^, and X X(G') is a G'(M)-equivariant map with finite 
fibers. 

Similarly, in the Kuga case, (P, 1^) = Oj ^ (Gf, X) admits irreducible subdata of 

the form (P', Y') = {(Bj'Vj) x (G', X'). The general mixed Shimura case of Siegel type is parallel. 

These irreducible subdata are actually strictly irreducible in the sense of 12.181 31. The fact that the 
connected center is simply a split Q-torus Gm will be useful in the estimations 15.15l and l5.161 

(4) Assume that for some Z-lattice Tv of V, the restriction '0 : Tv x Tv —>• Q(—1) has value 
in Z(—1) = Z(27ri)“^ and is of discriminant ±1. The profinite completions of lattices Tv C V and 
Z(—1) cQ(—l)are compact open subgroups Ky and Kjj respectively. Take a compact open subgroup 
A'g C GSpv(Q) small enough and stabilizing both A'v and Ku, we get the mixed Shimura variety 
Mk(Pv, '^v) for K = A'w x Kq, K-w being the compact open subgroup generated by K\j and Ky- 
We also have the universal abelian scheme over the Siegel moduli space of level Kg, namely 

jY = y = MxcCGSpv, 

and Mx(Pv) ^v) is a Gm-torsor over sY. 

The compact open subgroups thus obtained are levels of fine producf fype when Kg is of fine producf 

type- 

Definition 2.18 (special subvariefies). Lef (P, Y) be a mixed Shimura dafum, wifh M = Mx(P, Y) a 
mixed Shimura variefy associated with it. 

(1) Themappp : yxP(Q)/iT —)■ M(C), {y,aK) [y, aK] is called the (complex) uniformization 
map of M. It is clear that the source is not connected in general, but its connected components are simply 
connected complex manifolds isomorphic to each other. 

A special subvariety of Mk{P, Y) is a priori a subset of M{C) of the form pp(y'+ x aK) with 
a G P(Q) and Y'^ a connected component of some mixed Shimura subdatum (P',y' ) c (p,y), 
where K' C P'(Q) is the compact open subgroup aKa~^ fl P'(Q). 

A special subvariety is actually a closed algebraic subvariety of Mk(P, Y) over Q: it is a connected 
component of the image of the morphism Mx/(P',y') —>• M„^„-i(P,y) under the Hecke translate 
iV4^„-i(p,y)^M;,(p,y). 

(2) In Section 2 and 3, we will often work with connected mixed Shimura varieties defined as follows: 

• a connected mixed Shimura datum is of fhe form (P, Y ; y+) where (P, y) is a mixed Shimura 
dafum and y"*" a connecfed componenf of y; a morphism befween connecfed mixed Shimura 
dafa is / : (Pi, yi; Yt^) —(P 2 , y 2 ; y 2 ^) wifh / a morphism of mixed Shimura dafa (Pi, Pi) —^ 
(P 2 ,y 2 ) sending y^^ info Y 2 ', in parficular, a connected mixed Shimura subdatum is of fhe 
form (P',y';y'+) C (P,y;y+) wifh (P',y') a subdafum of (P,y) and Y'+ a connecfed 
componenf of Y' confained in Y '^; 

• a connected mixed Shimura variety is a quofienf space of fhe form M~^ = r\y''' where T C 
P(Q)+ is a congruence subgroup; such quofienfs are normal quasi-projecfive algebraic vaiiefies 
defined over a finife exfension of fhe reflex field of (P, y), and we freaf fhem as variefies over 

Q; 

• for a connecfed mixed Shimura variefy M~^ as above we have fhe (complex) uniformizalion 

map pr : y i-> Ty, and a special subvariefy of M+ is a subsef of fhe form 

pr(y'^) given by some connected mixed Shimura subdatum (P', y'; y'"''); special subvarieties 
are closed irreducible algebraic subvarieties defined over Q, wifh canonical models defined over 
some number fields. 

For example, in fhe Kuga case (P, y) = V x (G, X), we have explained in Infroducfion fhaf special 
subvariefies are cerfain forsion subschemes of abelian schemes over some pure special subvariefy S' C 
5 . 

(3) We also infroduce a varianf of irreducible dafa in fhe connecfed seffing. A connecfed mixed 
Shimura dafa (P,y;y+) is said fo be sfricfly irreducible if P = MT(y+). Nofe fhaf in fhis case 
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Y = P(M)U(C)y''' is determined by P and Y^, and (P,y) is necessarily irreducible. The pair 
(P, y) thus obtained is also said to be strictly irreducible. 

For example, the pure and mixed Shimura data of Siegel type associated to a symplectic Q-space 
(V, Ip) gives rise to strictly irreducible connected mixed Shimura data (P, Y ; y"*"), and the data (G', X') 
constructed in 12. 171 31 gives rise to strictly irreducible ones (G', X'; X'+). 

Lemma 2.19 (strict irreducibility). (l)Let f : (P,y;y''') —> (P',Y'-,Y'^) be a morphism of connected 
mixed Shimura data, such that / : P —)• P' /s surjective. Assume that (Pi,yi;y(^) is a strictly 
irreducible connected subdatum of (P, Y ; y"*"). Then its image (P'^, y/; y/^) in (P', y'; y'"*") remains 
strictly irreducible. 

(2) Let (P,y;y+) = W XI (G, X; X+) be a connected mixed Shimura datum fibred over a connected 
pure Shimura datum (G,X;X'’'). Then (P,y;y+) is strictly irreducible if and only if so it is with 
(G,X;X+). 

Proof. (1) Since / : P P' is surjective, the map /* : Y^ —> Y'~^ is also surjective. Assume that 
(Pj^, y/; y/"'") is not strictly irreducible. Then there exists P 2 Y P^ such that P 2 = MT(y/“'"), and 
putting y 2 “'" = Y['^ plus y 2 = P 2 (M)U 2 (C)y 2 ''', we get a strictly irreducible subdatum (P 2 , y 2 ; Y 2 ~^). 
We have P 2 := /“^(P 2 ) Y Pj^ by the epimorphism / : Pi-»Pj, and clearly the inclusion P 2 ,c Y> 
y(Sc) holds for all y € y^^ because /(P 2 ,c) 2) /(y)(§c), contradicting the strict irreducibility of 
(Pi,yi;y+). 

(2) The reduction modulo W gives tt : (P, Y ; y+) (G, X; X+) with tt : P ^ G surjective. If 

(P, y; y+) is strictly irreducible, then so it is with its image (G, X; X+) by (1). 

Conversely, assume (G, X; X+) is strictly irreducible, then (G, X) is irreducible, and we get (P, Y) 
irreducible by 12.1 11 Let P' C P be the generic Mumford-Tate group of y+, then p'^er = pder _ 
W XI by 12.41 4) and 12. 101 3). The reduction of P' modulo W is a Q-subgroup G' of G such that 
G^ D a;(S) for all x G X+, hence G' = G and P' = P. □ 

The Andre-Oort conjecture can be reduced to the case of special subvarieties within a connected 
mixed Shimura variety, and it suffices to prove it for some level structure sufficiently small, due to the 
following elementary lemma: 

Lemma 2.20 (insensitivity of levels). Let (P, Y ; y+) be a connected mixed Shimura data, giving rise 
to a morphism of connected mixed Shimura varieties vr : M = r\y"*‘ —> M' = r'\y'*' via an inclusion 
of congruence subgroups T C T' in P(M)_|_. 

(1) If S C M is a special subvariety, then its image vr(S') in M' is special; conversely, if S' C M' is 
a special subvariety, then the pre-image 7r~^[S') in M is a finite union of special subvarieties. 

(2) The Andre-Oort conjecture holds for M if and only if it holds for M'. 

Proof. (1) If 5 = pr(yi''') is a special subvariety defined by some conncfed subdafum (Pi, Xi; y^"*"), 
fhen 7r(S') = special. 

Conversely, if T' = ]J Toj is a decomposition info finifely many cosets, and S' = pr' (yi^) is special 
given by a connected mixed Shimura subdatum (Pi, Yi; Y ^), then 7 r~^{S') is the finite union of special 
subvarieties Sj = pviajY^) defined by {ajPiaf^ ,ajYi-,ajY^). 

(2) If fhe Andre-Oorf conjecfure holds for M, and {S'^) is a sequence of special subvariefies in M', 
fhen fhe pre-images form a sequence of special subvariefies, whose Zariski closure is a finife 

union Zj of special subvariefies in M. The finife map vr : M —> M' is closed, hence it sends (J^ Zj 
to the Zaiiski closure of |J^ and it is a finite union of special subvarieties (J^ -K{Zj). 

Conversely, if a geometrically irreducible subvariety Z C M is the Zarisla closure of a sequence 
of special subvarieties Un‘5'n> then Z is a geometrically irreducible component of 7r“^(7r(Z)), hence 
special because 7r(Z) is the Zariski closure of a sequence of special subvarieties {'K{Sn)) in M', and 
7r“^(7r(Z)) is a finite union of special subvarieties by (1). □ 

Remark 2.21 (arithmetic quotients). Although we have used congruence subgroups in P(Q)''' to define 
connecfed mixed Shimura variefies of fhe form r\y''’ and fheir special subvariefies, if makes no harm 
fo use arifhmefic subgroups of P‘^®'’(Q)''‘, as long as we only freaf fhem as complex algebraic variefies. 
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In this setting we can also define special subvarieties and formulate the Andre-Oort conjecture (see (3) 
below). We assume for simplicity that the arithmetic subgroups involved are torsion-free, since this 
suffices for the study of Andre-Oort type conjectures following the idea of l2.20l 

By m and ll22]| . quotients of the form r\y+ with T torsion-free arithmetic subgroups of P^®’'(Q)+ 
are normal quasi-projective algebraic varieties over C, which are also smooth. In fact: 

(1) In the pure case (P, Y ; y+) = (G, X; A+), the Lie group G(M)+ acts on A+ through G^^(M)'''. 

If r C G^®’"(Q)+ is an arithmetic subgroup, then using the quotient map G^®’" ^ G'^'^, its image 
pad ^ G'^^(Q)''' is arithmetic by Q 8.9 and 8.11, and the quotient r\A+ = is an algebraic 

variety. 

If Fg is a torsion-free arithmetic subgroup in G(Q)+, then Fq := Fq H G^®'‘(Q)''' is a torsion-free 
arithmetic subgroup of G'^®''(Q)''', and Fg acts on 2l+ through its image Fq C G^‘^(Q)"'', which is an 
arithmetic subgroup of again by lO using G^G^^. Again because we only focus on Andre- 

Oort type conjectures, following the idea of 12.201 we only consider the case when Fq is torsion-free. 
The group G‘^®’’(M)''' also acts on X~^ through G’^'^(]R)'^, and the evident map FQ\y''' —)■ FG\y''' 
is the same as F'\Ai+ —)• FQ\2f+, where F' is the image of Fq in G^‘^(Q)'''. Clearly F' is also 
an arithmetic subgroup, contained in Fq as a subgroup of finite index, and it is torsion-free. Hence 
Fq\X+ —)• Fg\2l+ is a finite morphism between algebraic varieties: since these quotients are given 
by torsion-free arithmetic subgroups, by (Hi 3.10 we deduce that F'\2f'’' —> FQ\y''' is algebraic, and 
in fact it is a finite etale covering using Riemann existence theorem, cf. |[T3ll 5.7.4. 

(2) In the mixed case, the connected mixed Shimura varieties of interest in our study are often given 

in a product form, i.e. given as F\y+ using connected data (P,y;y+) = W xi {G, X; X~^) with 
F = Fw xFg for arithmetic subgroups Fw C W(Q) and Fg C G(Q)+. Write Fq = FGnG‘^®’’(Q)''' 
and F^ = Fw x Fq, we have F^^ = F n as an arithmetic subgroup of P^®''(Q)''' using 

pder _ 'yy Consider the following diagrams: 

Ft-^ F Ft\y+-^ F\y+ 


F^ -- Fg rl\X+ -- FG\y+ 

where the left one is Cartesian whose arrows are inclusions, and the right one is Cartesian in the category 
of complex analytic spaces using the group actions from the left one on y+ —> X~^. Hence Ft\y+ —)■ 
F\y+ is a finite morphism between algebraic varieties as it is pulled back from the finite morphism on 
the bottom. One may also talk about F\y+ for general (torsion-free) arithmetic subgroups of P‘^®’'(Q)+, 
because such subgroups contain normal subgroups of finite index of the product form above, and we may 
argue by finite group quotients and Riemann existence theorem. 

Note that we cannot define mixed Shimura dafa of fhe form (P,y) = Wx(G,X) with G of adjoint 
type, because in this case, the Hodge structure given by x € 2 l on any algebraic representation V of G 
is necessarily of weight zero as the center of G is trivial. Hence in the diagram above it would not make 
sense to write groups like Fw x Fq . 

(3) The Andre-Oort conjecture for special subvarieties still make sense in this setting which only 
involves complex algebraic varieties. Namely we start with an arithmetic subgroup F C P^®'‘(Q)"'', form 
the uniformization map pr : P'*’ —^ F\y+, and define special subvarieties to be of the form py{Y'~^) 
using connected mixed Shimura subdata (P', Y'] y'+) C (P, Y ; y"*"). If F C P(Q)+ is a torsion-free 
congruence subgroup, and F' C P‘^®’"(Q)+ is an arithmetic subgroup contained in F, then using the 
arguments through the universal coverings as in 12.201 and the finite morphism F'\y+ ^ F\y+, we see 
that the Andre-Oort conjecture for F\y+ is equivalent to the one for F'\y+. 

When we need finer information about the canonical models, we will always work with classical 
mixed Shimura data with level structures given by compact open subgroups of P(Q). 

The remark above draws our attention to the derived groups. Analogue to modifying congruence 
subgroups, we can also modify the derived groups: 
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Lemma 2.22 (insensitivity of isogeny). Let f : M ^ M' be a morphism between connected mixed 
Shimura varieties given by some morphism of connected mixed Shimura data (/, /*) : (P, Y ; Y^) 
(P'j Y'] !"'■’■) together with congruence subgroups T C P(Q)-|_ and F' C P'(Q)-|_ satisfying f(T) C F'. 
Assume that the Q-group homomorphism f : P'^®'" p'der isogeny, i.e. surjective of finite kernel. 
Then 

(1) ft: : Y'^ y'"*’ is an isomorphism and f : M ^ M' is finite; 

(2) the Andre-Oort conjecture holds for M if and only if it holds for M'. 

Note that (1) implies that a connected mixed Shimura variety could be realized by different connected 
mixed Shimura data, and (2) affirms that one might choose any mixed Shimura datum to study the 
Andre-Oort conjecture. For example, in the pure case, the evident morphism between pure Shimura data 
(G, y) ^ = (G, yj/Z with Z the center of G satisfies fhe lemma: G^®" ^ G'^'^ is an 

isogeny. Hence fhe Andre-Oorf conjecfure for pure Shimura varieties is reduced fo fhe case where fhe 
ambienf Shimura variefy is defined by a Q-group of adjoinf fype, which has been used in Ifldl |[29]l efc. 

Proof (1) ByHH we may assume fhaf (P, Y) = (U, V) xi (G, X), (P', Y') = (U', V') xi (G', X'), and 
(/,/*) is given by (/,/*) : (G,y) ^ (G' , X') a morphism of pure Shimura dafa fogefher wifh equi- 
varianf maps befween Q-vecfor spaces / : U ^ U' and / : V —> V' compafible wifh fhe alfernafing bi¬ 
linear maps and ijj'. When we regard G as a Q-subgroup of P, /(G) C P' is a reductive Q-subgroup, 
which exfends fo some maximal Q-subgroup w'G'w'~^ for some w' € W'(Q), and we assume for 
simplicify fhaf w' = 1, hence fhe morphism (G, X) —> (G', X') exfends fo (P, Y) (P', Y'). 

Since / : P^®'" ^ p'der isogeny, / induces an isomorphism of Lie algebras LieP'^®'^ ^ 
LieP''^®'^, and fhus LieW = LieW' under /. Taking y € Y mapped fo y' = f{y) G Y', we see 
fhaf fhe mixed Hodge sfrucfures on LieW and on LieW' are isomorphic. This forces fhe Q-group ho¬ 
momorphism U —)• U' fo be an isomorphism because if underlies an isomorphism of rafional Hodge 
sfrucfures of fype (-1,-1), and so if is wifh fhe quofienf V —> V', hence / : W —)■ W' is also an 
isomorphism. As for fhe pure parf, fhe isogeny > p''^®'’ gives an isogeny G'^®’’ ^ Q'der 

gives furfher an isomorphism G^*^ —hence fhe map fy : X ^ X' is an isomorphism on each 
connecfed componenfs in X. Therefore /* : Y~^ = W(M)U(C) xi X~^ Y'~^ = W'(M)U'(C) xi X'^ 

is an isomorphism. 

Assume fhaf / : F\y+ —> F'\y+ is associafed fo congruence subgroups F and F' respectively wifh 
/(F) C F', fhen fhe corresponding map for fhe pure quofienf / : FG\y''' —> FqA^^^ is finife. In fad, 
fhe image Fq of F in G(Q)+ resp. Fq' of F' in G'(Q)+ acfs on fhrough G®'^(Q)+ resp. on 2 l'+ 
fhrough G'®'^(Q)+, and from fhe isomorphism G®®^ = G'®*^ we know fhaf fhe image of Fq in G®'^(Q)+ 
is n arifhmefic subgroup of finife index in fhe image of Fq' in G'®‘^(Q)'''. Since W = W', we also gel 
F n W(Q) of finite index in F' n W'(Q). Hence / : F\y+ ^ F'\y'+ is finite. 

(2) If 5 C F\y+ is a special subvaiiefy defined by (Pi, Yi; Yt^), fhen ils image in F'\y'+ is a spe¬ 
cial subvariefy defined by fhe image subdalum (/(Pi), /*(yi); f*{Yj^)). Conversely, if S' is a special 
subvariefy of F'\y'"'‘ defined by (Pj, Y/; Y/"'"), fhen we claim fhaf ifs preimage in F\Y''' is a finife union 
of special subvarieties which are Hecke franslafes of a connecfed subdalum of fhe form (Pi, Yi; Y^) 
where 

• Pi is fhe neulral componenf of /“^(P'^); 

• YA = /F^(F/^) under fhe isomorphism /* : Y~^ Y'+; 

• Yi is fhe Pi(M)Ui(C)-orbif of Y+ wifh Ui = U n Pi. 

In fad, any y' G Y/"'' has a unique preimage y G Y~^ under fhe isomorphism /* : Y'*' —)■ Y'"*', and 
fhe inclusion y'(Sc) C ^i c gives y(§c) C Pi,C because y(Sc) is necessarily connected. We verify 
fhaf fhe Q-group Pi satisfies fhe condition in 12. 101 Pi is fhe neulral componenf of /“^(Pj), hence ils 
image Gi modulo W in G is fhe neulral componenf of /“^(G'l) wifh G'l fhe reduction of Pj modulo 
W' in G'. Since fhe image of (Pj, Y/) in (G', X') is a pure Shimura subdalum of fhe form (G'l, Yj), 
we see fhaf G'/*^ admils no compacl Q-faclors, hence so if is wifh Gi. 

Bv l2.10[ Pi does give rise fo a mixed Shimura subdalum (Pi, Ui, Yi) of (P, U, Y) using fhe ele- 
menf y, wifh Ui = U n Pi and Yi being fhe Pi(M)Ui(C)-orbif of y. The image of (Pi,Ui, Yi) in 
(P, U', Y') is clearly confained in (Pj, Uj, Y/). We have Pf®'^ C P®*®’’, and fhe evidenf homomorphism 
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/ : Pf®'’ —)■ is an isogeny because it is restricted from / : P'^®'’ ^ p'der gy arguments in (1) 

we have isomorphisms / : Ui —)• U'^, / : Wi —)• W'^, and /* : —)• Y['^. 

Using 12223), the Andre-Oort conjecture for r\y''' resp. for r\y'''’ is equivalent to the conjecture 
for resp. for r'^^\y''''. The isogeny / : P'^®'’ —)• p"^®'" induces an isomorphism Y'^ —)■ Y'~^ and 

it sends into an arithmetic subgroup of with finite kernel, hence the arguments in (1) show that the 
Andre-Oort conjecture is the same for r^^\y''’ and r'1^\y'''', hence the same for r\y''' and r'\y''*’. □ 

In the rest of this section, we explain how a general mixed Shimura datum could be embedded, up to 
isogeny, into the product of a pure Shimura datum with Kuga data and mixed Shimura data defined in 
12.171 This phenomenon is similar fo fhe reduction lemma in 2.26, buf fhe proof is easier as we only 
require embedding up fo isogeny. 

Lemma 2.23 (reduction lemma). Let (P, y) be an irreducible mixed Shimura datum. Then there exists 
a morphism of mixed Shimura data 

/:(P,y)^(Go,yo)x n (P,,^0 X (Qo,>6) 

2=1,••• ,r 

where (GojAio) ^ Shimura datum, (Pj,'^j) = (Pv^j'^vJ. {Qo^'^o) = (Qvoi^o) defined 
as in 12. 1 71 for some symplectic spaces Vj (i = 0,1, • • • ,r), and that the Q-group homomorphism 
P ^ G X n* Pi X Qo is of finite kernel. 

If moreover (P, y) is a Kuga datum, then f can be taken of the form 

(P, y) = V X (G, y) ^ (Go, Ao) X (Qo, %) = (Go, Xo) x (V x (GSpv, =^v)). 

Proof. Wrife (P, y) = W x (G, X) = (U, V) x (G, X) wifh W given by an alternating bilinear map 
■i/) : V X V —)■ U equivariant under G. 

(1) We first consider the Kuga case, i.e. -0 = 0 and U = 0. We claim in this case G preserves 
a symplectic form 'k on V up to similitude, and it gives rise to a morphism of Kuga data (P, K) —)• 

V X (GSpv,^). 

Using ll22]| 1.4, we get a variation of rational Hodge structures V on X associated to the representation 
p^J, which is pure of weight 1 and type {(—1, 0), (0, — 1)}, and the Hodge structure on is given 
by pv o X', using further Il22l 1.12, this variation is polarized by some ^ : V V —)• Q(l)j5s:, 
coming from some G-equivariant non-degenerate bilinear map ^ : V (8 )q V —Ga(= Q(l)), which 
is a symplectic form due to the weight and the Hodge type of p^J o x {x € X). Hence we obtain a 
map : X ^ sending x £ X to the polarized rational Hodge structure (pv o and /* 

is equivariant with respect to a Q-group homomorphism / : G —> GSpv Using |22t2), we get a 
morphism of Kuga data / : V x (G, X) —> V x (GSpv, =: (Qo, ^)> and the restriction of the 
Q-group homomorphism / to the unipotent radical V is identity. 

Let G' be the image of G in GSpv Since g = LieG is reductive, the epimorphism Lie/ : g = 
LieG —5- g^ = LieG' gives rise to a decomposition g = g' © g" of ideals of g. Now that g contains 
a Lie subalgebra g', G contains a connected normal reductive Q-subgroup H' whose Lie algebra is g'. 
Let (GojATo) be the quotient of (G,X) by H'. We have Gq = G/H', and thus the homomorphism 
G Go X G' ^ Go X GSpv is of finite kernel because the Lie algebra homomorphism g —>■ (g/g')©g' 
is an isomorphism. From the morphism (G, X) —)• (Gq, ^o) x (GSpv, we get 

(P, y) = V X (G, A) ^ (Go, Xo) x (V x (GSpv, = (Go, Xq) x (Qo, %) 
and P —> Go X Qo is of finite kernel. 

(2) When U / 0, by Il22]| 2.14, G acts on U thr'ough a split Q-torus, and U splits into a direct sum 
of one-dimensional subrepresentations U = ©qUq,. We thus get = (Baf’a with 'fa the composition 

V X V —)■ U —)• Ga using the a-th projection. Write Wq, for the extension of V by Ga using 'fa, we 

have an inclusion W ^ which is the identify when restricted to U, and it becomes the diagonal 

embedding V Hq ^ when reduced modulo U. It extends to an inclusion P = W x G ■—> ]2 q Po 
with Pq, = Wq, X G, and we get an embedding 

(P,y) = (U, V) X (G,y) ll{Pa,Ya) = n^a X (G, A) =n(G.. V) X (G,X) 
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and it remains to prove the lemma for each (Pq,, Ya). 

We thus assume that U is one-dimensional. The radical V’oof'^rVxV—)-Uis{u€V ; 
'ip{v,v') = OVu' € V} is a subrepresentation in V under G, hence we have a splitting V = Vq © Vi 
because G is reductive, and the restriction ^/):VixVi—)-Uis non-degenerate, i.e. a symplectic form. 
We thus get an embedding 

(P,y) = (U, V) X (G,W) ((U, Vi) X {G,X)) X (Vo x (G, V)). 

The Kuga case Vq x (G, X) is already treated in (1). As for (U, Vi) x (G, X), U is one-dimensional 
and G acts on it by scalars, hence G preserves up to similitude, which gives (G, X) —)• (GSpvj, ) 

and a morphism (U, Vi) x (G,V) ^ (U,Vi) X (GSpvi,=^^i), whose restriction to the unipotent 
radical Wi (extension of Vi by U via ijj) is the identity. Repeat the construction in (1) (i.e. lifting the 
image of G —> GSpv^ into a connected normal Q-subgroup of G), we get a morphism 

(U, Vi) X (G, V) ^ (Gi, Vi) X ((U, Vi) X (GSpvi,=^Vi) 
in which the Q-group homomorphism is of finite kernel. Hence the claim. □ 

Remark 2.24 (reduction to subdata of a “good product”). When we study the Andre-Oort conjecture 
for Mx(P,y), it suffices to restrict to each connected component of the form M+ = r\y+ for 
some fixed connecfed componenf of Y and T some suifably defined congruence subgroup of P(Q)_|_. 
In order fo use fhe strafegy of flAl and |[29]l for M~^ , it suffices fo take the subdatum (P',y') where 
P' = MT(y''‘) C P and Y' = P'(]R)U'(C)y''' using ITTOI' 3). which is irreducible, hence admits 
a morphism into (Go, Vq) x (LjPl) satisfying 12.231 Moreover the reduction modulo the center Zq 
of Go gives (Go, Vo) (L,yL) — )• (Gg*^, Vq'^) x (L,yL) satisfying 12.221 hence we may reduce the 
Andre-Oort conjecture to mixed Shimura varieties defined by a subdafum of a “good producf” of fhe 
form (Go, Vq) x (L, Pl) wifh Go semi-simple of adjoin! fype and (L, Pl) a producf of finifely many 
mixed Shimura dafa of Siegel fype. 

We will encounter fhese good products in Section 4 and Section 5, which provide convenient settings 
for the estimation of degrees of Galois orbits of special subvarieties. 

3. Measure-theoretic constructions on mixed Shimura varieties 

In this section, we introduce some measure-theoretic constructions associated to connected mixed 
Shimura varieties. Most of them are analogue to the Kuga case discussed in @ Section 2, 2.14-2.18, 
except that in the general case, we work with the notion of S-spaces. We also introduce the notion of 
(T, rcj-special subdata, which is the analogue of T-special subdata of Il29ll 3.1 in the mixed case. 

Definition 3.1 (lattice spaces and canonical measures). (1) A linear Q-group P is said to be of type JY 
if it is of the form P = W x H with W a unipotent Q-group and H a connected semi-simple Q-group 
without normal Q-subgroups H' C H of dimension > 0 such that H'(M) is compact. 

For a mixed Shimura datum (P, y), the Q-group of commutators P'^®’’ is of type , due to 12.41 4). 

(2) For P a linear group of type and T C P(M)''' a congruence subgroup, the quotient H = 
r\P(M)+ is called the (connected) lattice space associated to (P, F). Since T is discrete in P(M)+, the 
space n is a smooth manifold. We also have the uniformization map pr : P(M)''' —)■ H, a i-)- Ta. 

(3) Let n = r\P(]R)''" be a lattice space as in (2). The left Haar measure i/p on P(M)''' passes to 

a measure on 12: choose a fundamental domain F C P(M)''' with respect to T, we put i^o(A) = 
i^p(F n for A C 12 measurable. 

Following |l6j| 2.15 (1), uq is of finite volume and is normalized such that 1^0(12) = 1. We call it the 
canonical measure on 12. 

Definition 3.2 (lattice space and S-space). Let (P,y;y''') = (U, V) x {G, X; X'^) be a connected 
mixed Shimura datum with pure section (G, V; V'*'). Let F be a congruence subgroup of P(]R)+, which 
gives us the connected mixed Shimura variety M = r\y'''. 

(1) The lattice space associated to M is 12 = r^\P'^®'^(M)''’ where F^ = FnP'^®'’(M)'''. It is equipped 
with the canonical measure uq, and we have the uniformization map pr : P'^®'^(M)'’' —>• 12, i— ^^9- 

A lattice subspace of 12 is of the form pr(H(M)''') for some Q-subgroup H C of type JY. 
Since F"^ acts on P'^®'’(M)''' by translation, we have pr(H(M)''') = (F fl H(]R)'*')\H(M)+ is a lattice 
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space itself, and it is a closed submanifold of Q. It carries a canonical measure i' bv l3.ll and we regard 
as a probability measure on If with support equal to the submanifold pr(H(M)'''). 

(2) We write for the P(M)+-orbit of X + in Y, called the real part of Y~^. It is a connected real 
submanifold of Y~^. The (connected) S-space associated to M is ^ Since T contains a neat 

subgroup of finite index, the quotient ^ is a real analytic space with at most singularities of finite group 
quotient. 

We also have the following orbit map associated to any point y € ^+: 


Ky:n = = r\^+, ^ Vgy. 

It is surjective because C T and is a single P'^®''(M)+-orbit, as is homogeneous under 
Gder(]^)+ jj- ^ submersion of smooth real analytic spaces when T is neat. 

Remark 3.3. The P(M)-orbit W of X in P is independent of the choice of pure section (G,X) as 
different pure sections are conjugate to each other under P(Q) C P(M). is simply a connected 
component of W, as it is the preimage of X+ under the natural projection W y)-»X whose fibers 
are connected (isomorphic to W(M)). 

The notion of real part of Y is inspired by the imaginary part of Y defined in ll22]| 4.14. 

Lemma 3.4. Let (P,y;y+) = (U,V) xi (G,X;X'’') be a connected mixed Shimura datum with 
U / 0. Then for any congruence subgroup T C P(Q)+, the S-space T\3L~^ is dense in T\Y~^ for the 
Zariski topology. 

Proof In fhe Kuga case, we have U = 0, hence the real part equals Y^, and the S-space is just 
the Kuga variety. In the non-Kuga case, the projection ttu gives us the commutative diagram 


— 

y+/u(c) 


■ y+ 


TTU 

y+/u(C) 


in which the vertical maps are smooth submersions of manifolds. The right one is a U(C)-torsor, the left 
one is a U(M)-torsor, and Y^ = U(C) namely the quotient of x U(C) by the diagonal 

action of U(M). U(R) C U(C) is Zariski dense when we view U(C) as a complex algebraic variety, 
hence the density of W in Y. The proof for .M C M is clear when we restrict to connected components 
and take quotient by T. □ 


The advantage of S-spaces is that they carry canonical measures of finite volumes. Parallel to the 
Kuga case studied in O 2.17 and 2.18, we have the following: 


Definition-Proposition 3.5 (canonical measures on S-spaces). Let M = r\y+ be a connected mixed 
Shimura variety associated to (P, Y ; Y^), with If = r1^\P^®’'(M)+ the corresponding lattice space, and 
= T\3Z~^ the S-space. Fix a base point y G C Y~^. 

(1) The orbit map Ky : P'^®''(M)+ —> g gy is, n submersion with compact fibers. The isotropy 

subgroup Ky of y in P'^®''(M)+ is a maximal compact subgroup of P^®’'(M)+. 

The left invariant Haar measure op on P'^®''(M)+ passes to a left invariant measure = Ky^up on 
, which is independent of the choice of y. 

(2) Taking quotients by congruence subgroups, the orbit map Ky : r^\P'^®''(M)+ ^ r\^+, T^g' 
Vgy is a submersion with compact fibers. The push-forward sends pq to a probability measure g ^ 
on .y# = V\'3Z~^, independent of the choice of y. We call it the canonical measure on .y#. 

(3) Let M' C M be a special subvariety defined by (P', Y'; y'+), and take y € y'+ C Y~^. Then we 
have the commutative diagram 

LI' LI 



Ky 


JZ 
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with Q' the special lattice space associated to M', the corresponding special S-subspace. In partic¬ 
ular we have with the canonical measure of the lattice subspace fl' associated to 

p/der(]^)-i- ivjotg identify as a probability measure on ^ with support equal to . 

Similarly, for the fibration over the pure base -k : M ^ S = with F = rwxrG, we 

have the submersions tt : fl —)• 17 g := vr ; —>• S, together with = z/Qq and 

= /^ 5 - 

Proof It suffices to replace the V’s etc. in @ 2.17 and 2.18 by W’s etc. as the proof there already 
works for general unipotent V’s. □ 

In the pure case, we have the notion of T-special sub-object, where T is the connected center of the 
Q-group defining fhe subdafum, fhe special subvaiiefies, efc. In fhe mixed case, fhe connected center 
is of fhe form wT^w~^ following fhe nofafions in 12.81 and we prefer fo separate T and w, because T 
provides information on the image in the pure base, and w describes how the pure section has been 
translated from the given one defined by (G, X) C (P, Y). In Infroducfion we have seen mofivafions 
for fhis nofion on Kuga varieties via fhe description of special subvarieties as forsion subschemes in 
some subfamily of abelian varieties. 

Definition 3.6 ((T, ryj-special subdafa). Lef (P, Y) = (U, V) x (G, X) be a mixed Shimura dafum, 
wifh W fhe cenfral extension of V by U as fhe unipofenf radical of P. Take T a Q-forus in G and w an 
elemenf in W(Q). 

(1) A subdafum (P',y') of (P,y) is said fo be {Y,w)-special if if is of fhe form (U',V') x 
{wG'w~^,wX') presented as in 12.81 wifh T equal fo fhe connected center of G'. In fhe language 
of Il29ll . (G', V') is a T-special subdafum of (G, V), and fhe elemenf w G W(Q) conjugates if fo a 
pure section of (P', V'), cf. 12.71 

(2) Similarly, if M = r\y+ is a connected mixed Shimura variety defined by (P, Y ; Y~^), fhen a 
special subvariety of M is (T, w)-special if if is defined by some (connected) irreducible (T, rcj-special 
subdafum. 

We also define notions such as (T, w)-special lattice subspaces, (T, w)-special S-subspaces, efc. in 
fhe evidenf way. 

(3) When we remove w £ W (Q) we gef fhe nofion of T-special sub-objecfs, similar fo fhe Kuga 
case sfudied in 3.1: a T-special subdafum is an iiTeducible subdafum (P', Y') C (P, Y) such fhaf 
fhe image of (P', Y') under fhe nafural projection is (G', X') a pure irreducible subdafum of (G, V) 
wifh T equal to the connected center of G'; the notion of T-special subvarieties, etc. is understood in 
the evident way. If (P, y) is pure, i.e. W = 1, then being (T, l)-special is the same as T-special pure 
subdata. 

We will also use the following variant to state our main results on the equidistribution of special 
subvarieties, inspired by the pure case studied in |[29l . Subsets of closed subvarieties of a Q-variety of 
finite type are always countable, hence we talk about sequences of special subvarieties indexed by N 
instead of “families”, “collections”, etc. 

Definition 3.7 (bounded sequence). Let M = r\y+ be a connected mixed Shimura variety defined by 
(P, y; y"*") = W X (G, V; V^"). Fix a finite sef B = {(Ti, rci), • • • , (T^, rcr)} wifh Tj a Q-forus in 
G and Wi £W (Q), z = 1, • • • , r. We call B a (finite) bounding set. 

(1) A special subvariefy of M is said fo be bounded by B (or B-bounded) if if is (T, rcj-special for 
some (T, w) £ B. A sequence (Mn) of special subvarieties in M is said fo be bounded by B if each 
Mn is i7-bounded. 

(2) Similarly, a sequence of special laffice subspaces resp. of special S-subspaces is bounded by B if 
its members are defined by (T, u))-special subdatum for (T, w) £ B. 

(3) For n resp. .y# the lattice space resp. the S-space associated to M we write {^) resp. IY’b {^) 
for the set of canonical measures on 12 resp. on .y# associated to 77-bounded special subvarieties. 

Note that when (P, y) = (G, X) is pure, B is simply a finite set of Q-tori in G. 

Remark 3.8 (conjugation by F). We consider a connected mixed Shimura variety of the form M = 
F\y+ defined by (P, Y- y+) = W x (G, X; X+) with F = Fw x Tg and fibred over S = Fg\X+. 
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Let Z be a (T, t(;)-special subvariety, defined by (P', Y') = W' x {wG'w ruX; u;X+), with T the 
connected center of G'. 

The pre-image of Z under the uniformization pr : Y~^ —)• M is the union U7Gr'T^^^’ hence a 
subdatum {P" defines the same special subvariety Z as (P', P'; y'"*") does if and only if 
(P", y"; y"+) = ( 7 P' 7 -\ 7 y'; 7 y'+) for some 7 G T. 

In our definition, T only depends on the image of Z in S, and we can conjugate T by Tq; in the 
unipotent radical, since Tw acts on U(C)W(M) by translation, w and w' give rise to the same special 
subvariety if and only if m = ')w' for some 7 G Tw- We thus conclude that the notion of (T, tcj-special 
subvarieties actually only depends on the class [T, re], by which we mean the TG-conJugacy class of T 
in G and the coset Tw'n’ in rw\W(Q). 

4. Bounded equidistribution of special subvarieties 

We first consider the case when the bound B consists of one single element (T,r(;), and we write 
^{T,w){^) iri place of for ^}. This is exactly the analogue of the T-special case 

for pure Shimura varieties, and the main theorem of this section will rely on the following theorem of S. 
Mozes and N. Shah: 

Theorem 4.1 (Mozes-Shah, cf. lfT^ l. Let Ll = r\H(M)''' be the lattice space associated to a Q-group of 
type M’ and a congruence subgroup T C H(]R)^. Write iY‘h{^)for the set of canonical measures on Li 
associated to lattice subspaces defined by Q-subgroups of type Then is compact for the weak 

topology as a subset of the set of Radon measures on LI, and the property of “support convergence” holds 
on it: if On is a convergent sequence in of limit v, then we have suppi/^ C suppz//or n > N, N 

being some positive integer, and the union suppi^n is dense in suppo/or the analytic topology. 

We begin with the strategy of the proof of the equidistribution of (T, rc)-special subspaces and S- 
subspaces, in comparison with the pure case treated in [Si |[29l and the rigid Kuga case in @ : 

(i) For lattice subspaces, it suffices to show that (^) is a closed subset of namely if 

Vn is a sequence of canonical measures of limit u, such that each Vn is associated to from 
some (T, u;)-special subdata (P„,y„), then v is also associated to P^®’’ from some (T,m)- 
special subdatum {Py^Yy). In fact: 

(i- 1 ) in the pure case, the Q-group Q generated by the union of semi-simple Q-groups IJn>>o 
is a semi-simple Q-group of type and is centralized by T the common connected center 
of the P„, and TQ is the Q-group of some T-special subdatum; 

(i- 2 ) in the Kuga case treated in @, the Q-group Q generated by the union Un>>o i^ 
the form V' x H' with V' unipotent and H' semi-simple of type JY’, however there might 
be infinitely many subdata (P', Y') such that = Q, because for any v G V(Q) fixed 
by G'^®" and P' = V' x (uGfo"^) we have P'^^®" = V' x G'^®/ cf. 0 2.19 and 3.6; to 
exclude this situation we have restricted to the p-rigid case in 0, and results like 0 3.5 
and 4.5 show that the canonical measures associated to p-rigid subdata form a closed subset 
of 

(i-3) in the general case under the (T, rcj-special assumption, the situation is similar to the pure 
case (i-1), and we will construct a (T, u;)-special subdatum out of the Q-group generated 
by the union Un>>o thanks to the specification of the unipotent element w, we do not 
need any p-rigidity to ensure that the new datum is well defined. 

(ii) For S-spaces, we follow a similar reduction following the pure case in 0, namely there exists 
a compact subset C of such that any (T, rc)-special S-subspace in ^ can be defined by 
some subdafum (P', Y'; Y'^) satisfying fl G 7 ^ 0, and then we may repeat the remaining 
arguments in 0 . 

The following lemma will be useful both in the pure case and in the mixed case. 

Lemma 4.2 (maximal (T, tcj-special subdata). For (P, T) = W x (G, X) a mixed Shimura datum. If 
(T, w) a pair as in 13.61 then the set of maximal (T, w)-special subdata of (P, Y) is finite. 
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Proof. If (G',X') is a maximal T-special subdatum of (G, X), then Wxi(G', X') = Wy\{wG'w~^ ,wX') 
is a maximal (T, m)-special subdatum of (P, Y) using w € W(Q). Hence we are reduced to the pure 
case. 

If (Gi,Xi) C (G,X) is a T-special subdatum, then Gi is contained in the neutral component Z° 
of the centralizer ZqT, and Z° admits a decomposition into an almost direct product: Z° = CH'H" 
with C a Q-torus, H' a semi-simple Q-group without compact Q-factors, and H" a semi-simple Q- 
group without non-compact Q-factors. We put G' = CH', then the constructions in Il29l 3.6 gives us a 
maximal T-special subdatum (G', G'(M)x) with x & Xi arbitrary, cf. 12.101 Note that the Q-group G' 
is determined by T and is independent of (Gi, Xi), thus maximal T-special subdata are associated to 
G'. Hence by Il29]l 3.7 there are only finitely many maximal T-special subdata. □ 

Theorem 4.3 (equidistribution of (T, r(;)-special subspaces). Let be the lattice space (resp. the S- 
space) associated to a connected mixed Shimura variety M = r\y'’' defined by (P, T; T'*') = W xi 
(G, X; X~^). Fix a pair (T, w) as in \3.61 and put B = {(T, w)}. Then the set is compact for 

the weak topology, and the property of support convergence holds in it in the sense ojm\ 

We start with the case of lattice subspaces with (P,y) = (G,X) pure. In O G was assumed to 
be of adjoint type, and in Il29]l the case of T-special subdata of (G,X) with G of adjoint type was 
considered. Here we adapt some of their arguments for general reductive G. 

Proof for lattice subspaces in the pure case. We have Q = Hq = rQ\G'^®'^(M)''', hence is a 

subset of (as there is no unipotent vector w in this case). We proceed to show that is 

closed in for the weak topology. By the proof of 14.21 all the maximal T-subdata of (G,X) are 

associated to a common reductive Q-subgroup G^ of G, and the lattice subspace of T-special subdata 
are actually lattice subspaces of 

= pro((GT)d-(M)+) - rt,,\(GT)d-(M)+ 

with = (G^)'^®'^(M)''' n Fq. Hence we may identify as a subset of •^he 

latter being a closed subset of ^h{Q). We assume for simplicity that G = G^, namely T equals the 
connected center of G. 

Take a sequence Un of canonical measures, which converges in to some o. Each is asso¬ 

ciated to a Q-group Gn of G coming from some T-special subdatum (G^, Xn), with = suppt'n = 
The limit n is associated to some connected Q-group G' of type JY, of support 
= PrG(G'(M)+). We may assume for simplicity that Un>o contained in 0.^, as a dense 
subset by restricting to a subsequence after dropping finitely many terms in the original sequence. In 
particular, Qn and are smooth submanifolds of Ll the quotient of by translation of the 

discrete subgroup Tq, and the inclusion C implies the inclusion LieGj^'^'^ C LieG' by comput¬ 
ing the tangent spaces of the common point pr(e), e being the neutral point of G^®’^(R)'''. This gives 
G^^’’ C G' c G'^^E 

Since T is the common connected center of G and Gn , we have the equality of centralizers ZqG^ = 
TZQd er Gn^'^ for all n. Take any Xn G Xn, ZGGn(R) is compact modulo T as it centralizes a;„(i). 
Hence ZQderGj^'^'^ is compact, and G' is reductive by ifTTTl Lemma 5.1. We thus obtain an inclusion 
chain of connected semi-simple Q-groups G^®’’ C G' C G'^^'E which extends to G„ C TG' C G. Put 
Gi, = TG', then 12.101 gives further an inclusion chain of T-special subdatum (G^, X„) C (Gj^, X^) C 
(G,X) with Xi, = Giy(R)xn for any Xn G Xn. 

Therefore G' = G^®"^ does come from some T-special subdatum, and n is T-special. □ 

Note that we have constructed subdata of the form (G,^, Gi,(R)xn) using an arbitrary Xn G Xn for 
all n G N. Only finitely many T-subdata are obtained in this way due to l2.9l 

From the proof we also obtain: 

Lemma 4.4. Using the notations in the proof Gjy is generated by UnGn. 

Proof. In the proof above we already have G)^®’’ C G' = GjJ®'' for all n. Thus G' contains H 
the Q-subgroup generated by |J^ GJ^®'^ in G'^®'^. If H C G', then all the lattice subspaces = 
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prG(G5^®’’(]R)+) are contained in the subspace prG(H(]R)+) which is a proper submanifold of 
contradicting the density of |J^ in Hence H = G'. □ 

Now we pass to the general mixed case: 

proof of W^f or lattice subspaces. For any mixed Shimura subdatum (P',y') = W' xi {G',X') of 
(P,y), the equality P"^®" = W' x bv IZdfdl shows that is of type Hence for 

= r^\P^®’"(M)"'', ^(T,io)(^) is a subset of and we need to show that is closed in 

for the weak topology, just as the pure case above. 

We thus take a convergent sequence Un in of limit p, such that On G is associated 

to some (T, ruj-special subdatum (P„,yji) = W„ x {wGnW~^,wXn), and the support of Pn is the 
(T, m)-special lattice subspace Qn = Pr(Pn*^'^(l^)''')! with = W„ x The limit p 

is associated to some Q-subgroup P' of type Jif, with suppz/ = = pr(P^(l^)''’)- We assume for 

simplicity that Qn C ^i/ for all n, hence |J^ Qn is dense in Qi, for the analytic topology. 

Let Fg be the image of F in G(M)''', which is a congruence subgroup of G(M)+, and we write 
Fq = Fg n together with tt : H —?> 17g = Fq\G'^®'^(M)''' for the projection deduced from 

vr = TTw : P G the quotient modulo W. Then bv 13.51 Tr^r'n is the canonical measure associated to 
7 r(Pj^®’’) = We clearly have the convergence lim„_^oo = tt^p, hence by the result in the pure 
case, 7r*z^ is T-special, i.e. it is associated to some T-special subdatum (G^/, G,y is generated by 
Gn, and the connected semi-simple Q-subgroup G' = G^®*^ is generated by |J^ Gj^®’’. On the other 
hand, it is direct from the construction that the image 7r(P') of P' modulo W in G^®’’ is a Q-subgroup 
of type jy, and pr^ (7r(P')(M)+) equals the support of vr^z^. Hence 7r(P') = G' = Gj^®’’. 

It is also clear that the unipotent Q-subgroup W' := W n P' is the unipotent radical of P' because 
P'/W' = G', and we write V' for the image of W' in V = W/U, which makes W' the central 
extension of V' by U' := U n W' under the restriction of : V x V —)• U. Just as the pure case, we 
have inclusions of smooth submanifolds C which gives P^®'" C P' for all n. We want to show 
that P' is generated by |J^ 

Let W" be the unipotent Q-subgroup of W generated by (J^ W„. Then reduction modulo U shows 
that V" := W'7U" is generated by U„ V„ with V„ = W„/U„, and similarly U" := U n W" is 
generated by |J^ Un = (J^ W„ n U. The Q-groups V„, U„, and W„ are stable under rz;G^®’’rz;“^ and 
wTw~^, hence W" is stabilized by wG'w~^, by and by wGuW~^. Thus W" x wG'w~^ is 

already a Q-subgroup of type Jif containing |J^ This forces the equality P' = W" x wG'w~^ 
due to the density of |J^ Qn in In particular W' = W" is a central extension of V' = V" by 
U' = U", stable under the actions of wG'w~^, of ruTru"^, and thus of wGyW~^. 

We thus put Pi/ := P'tuTtz;"^ = W' x wGi,w~^. It contains P^ for all n, and it is clear that 
(Pi/, U', Pi/(M)U'(C)yn) is a (T, ruj-special subdatum bv l2.101 The equality P^®’’ = W' x wG''w~^ 
shows that p is (T, u;)-special. □ 

proof of WJ\f or S-subspaces. The idea is similar to the pure case in ISl and the Kuga case treated in 
l^KSection 5), and we merely sketch the main arguments. 

• There exists a compact subset iF(T, w) of such that if pM' C is a (T, ryj-special S- 

subspace, then p^' = is given by some connected (T, tuj-special subdatum (P', Y'\ Y'~^), 

with real part meeting iF(T,u;) non-trivially. In the pure case such a compact subset 
K{T) C X^ is given in [Si 4.5; in the mixed case it suffices to take a compact subset C 

of W(]R) containing w and a fundamental domain for the action of Fw on W(M), and then 
JF((T, w)) := (C • X'^) n 7r“^(iF(T)), the proof for which is the same as @ 5.4. 

• The set is compact for the weak topology: if Hn is a sequence of (T, znj-special 

canonical measures on ./# defined by (P^, IQ; Y ^), given as [in = Ky^^Pn for yn G K(T,w) 
and Pn the canonical measure associated to = f]i\P(^®''(M)+, then up to restriction to subse¬ 
quences, we may assume that yn converges to some y G X(T, w) and (Pn) converges to some 
p associated to a (T,mj-special subdatum {P\Y]Y'^) with y G FI K{T,w). Thus y,n 
converges to = Ky^,p. 

The property of support convergence holds similarly. □ 
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Corollary 4.5 (bounded equidistribution). (1) For B a finite bounding set, 5F € we have 

^b{^) = U(T w)eB ^{T,w){^)- particular, ^b{^) is compact for the weak topology, in which 
holds the support convergence. 

(2) For 2/ = Ft (resp. SF = .M), the closure of a sequence of special lattice subspaces (resp. of 
special S-subspaces) bounded by Bfor the analytic topology is a finite union of special lattice subspaces 
(resp. of special S-subspaces) bounded by B. 

Proof. (1) This is clear because is a finite union of compact subsets of the set of Radon mea¬ 

sures on 5^. The property of support convergence holds because if a sequence (pn) converges to p, 
then it contains a subsequence that converges into for some (T,?/;) G B. Hence the 

o G All the convergent subsequence of (pn) are of the same limit, so it is not possible to 

have an infinite subsequence lying outside Hence the sequence itself is in 

(2) This is clear using the convergence of measures and the property of support convergence. □ 

Corollary 4.6 (bounded Andre-Oort). Let M be a connected Shimura variety defined by (P, = 

(U,V) XI (G, A; A+), with B a finite bounding set. Let (M„) be a sequence of special subvarieties 
bounded by B. Then the Zariski closure o/Un A a finite union of special subvarieties bounded by 
B. 

Proof. This is clear because analytic closure is finer than Zariski closure, and S-subspaces are Zariski 
dense in the corresponding special subvarieties. □ 

Remark 4.7 (compact tori vs. algebraic tori). When V = 0 and T = Tu xi Tq for some lattice Tu in 
U(Q) stabilized by Tq a congruence subgroup of G(Q)+, the fibration M = r\y+ —> S' = rG\A''' 
is a torus group scheme over S, whose fibers are complex tori isomorphic to ru\U(C) = (C/Z)'^, d 
being the dimension of U. Thus the S-space = r\'St'+ is a real analytic subgroup of M relative to 
the base S, whose fibers are compact tori isomorphic to ru\U(M) = (M/Z)'^ in the split complex tori 
ru\U(C), hence Zariski dense. 

Using harmonic analysis on ru\U(R) one can prove that the analytic closure of a sequence of con¬ 
nected closed Lie subtori in it is still a connected closed Lie subtorus, which implies that the Zariski 
closure of a sequence of connected algebraic subtori in ru\U(C) is an algebraic subtorus, cf. Il25]l 
Section 4.1. This can be viewed as a motivation for our notion of S-spaces. 

5. Lower bound of the Galois orbit of a pure special subvariety 

The results from this section on rely heavily on |[29l . especially the estimation on Galois orbits of 
T-special subvarieties in pure Shimura varieties. Hence we assume that all the mixed Shimura (sub)data 
we encounter are irreducible in the sense of U.lO ). This actually forces the pure pait to be irreducible, 
due to the following lemma. 

In |[29l Lemma 2.1, a special subvariety S' of a pure Shimura variety Mk{G, X) is realized as the 
image of a connected component of some morphism X') Mk{G, A), with G' the generic 

Mumford-Tate Q-group of S', and K' = K n G'(Q). All the estimations concerning the T-special 
subvarieties requires T to be the connected center of the generic Mumford-Tate Q-group G'. The mixed 
case is similar: by 12.201 and the discussion in 12.241 it suffices to treat special subvarieties in M+ = 
r\y''', where comes from some irreducible mixed Shimura datum (P,y) and T = P(Q)+ n K 
for any fixed compact open subgroup A C P (Q); in M~^ special subvarieties are obtained, using the 
discussion in 12.181 1). as the image of Y'^ x K with Y'^ c Y~^ coming from some subdatum (P', Y'), 
and we may assume that P' = MT(y'+) because this does not change Y'^. 

We staiT with some preliminaries on the reciprocity map describing the Galois action on the set of 
connected components of pure Shimura varieties. 

Definition 5.1 (connected components). Let G be a connected reductive Q-group. We write yo(G) 
for the set 7ro(G(A)/G(Q)“/3(H(Q))) where G(Q)“ stands for the closure of G(Q) in G(A), and p : 

H —> G^®’’is the simply-connected covering of Clearlyyo(G) = 7ro(G(A)/G(Q)“G(M)'''/9(H(Q)). 
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Since G(Q) is totally disconnected, the natural action of G{Q) on G(A) by left translation gives an 
action on^o(G). For K C G(Q), we denote the quotient by K of ^o(G) as 7fo{G)/K. We also have 
the natural action of 7ro(G(R)) on ^o(G). 

From the finiteness of class numbers of linear algebraic group over global fields ( ^2M 8.1), we 
know fhaf for each K C G(Q), fhe quofienf Tro{G)/K is a finite abelian group. Hence ^o(G) = 
^im^ Tfo{G)/ K is a pro-finite abelian group. 

In particular, if F is a number field, we have fhe Q-forus = Resp’/QGmF> class field fheory 
gives us fhe reciprocity isomorphism rec^ : Gal(F'^’^/F) = Fo(G^). 

For a pure Shimura variety S = Mk{G, X), fhe sef of ifs geomefrically connected componenfs is 
7ro(5) = Fo(G)/G(M)_|_iF, wifh G(M)_|_ acls fhr-ough 7ro(G(M)+) C 7ro(G(M)). 

Definition-Proposition 5.2 (reflex fields and reciprocity maps, cf. 13, ll^ . 123). (1) Let (P, y) be a 
mixed Shimura datum. The reflex field F(P,y) is the smallest subfield F of C such that Aut(C/F) 
fixes the P(C)-conjugacy class of Hy : Gmc Pc> with yiy the restriction of y : §c —> Pc to Gm x {1} 
via Sc — Gni X Gni. 

E{P,Y) is a number field embedded in C. Whenever there is a morphism of mixed Shimura data 
(P, Y) —> (P'j y') we have F(P, y) D F(P', y'). In particular, using the natural projection and the 
pure section of (P, y) = W x (G, X), we have F(P, y) = F(G, X). 

(2) If (T, x) is a pure Shimura datum with T a Q-torus, then E = F(T, x) is the field of definition 
of fix ■ GmC Tc, and the reciprocity map of (T, x) is the composition 

rec, : Gal{E^^/E) ^ Fo(G®) ^ Fo(T®) Fo(T) 

with = ResE/qTE and Nm£;/Q induced by the norm E^ Q^. 

For a general pure Shimura datum (G, A) of reflex field E = E{G,X), we still have a continuous 
homomorphism, referred to as the reciprocity map: 

vecx : Gal(F'^V^) =^o(G®) ^Fo(G) 

and the action of Gal(Q/F) on ttq{Mk{G, X)) is through translation by the homomorphism 

Gal(Q/F) ^ Gal(F'"^/F) ^Fo(G) ^ Fo(G)/G(M)+F:. 

Each connected component of Mk{G, X) is defined over a finite abelian extension of E. 

The reciprocity maps are functorial with respect to morphisms between Shimura data and between 
Shimura varieties. 

Assumption 5.3. In our study of special subvarieties, we will be mainly concerned with the following 
situation: M = Mk(P,Y) is a mixed Shimura variety defined by (P,y) = W x {G,X) at some 
level K = K-w x Kg of fine product type. We fix y+ = U(C)W(M)y+ a connected component of 
y lying over a connected component X^ in X, and we have a fixed connected mixed Shimura variety 

M+ = r\y+, with r = p(Q)+ n k. 

We study special subvarieties in M+ that are of the form py{Y'~^), coming from connected subdatum 
(P'j y'; y'+) of (P,y;y+). similar to the case of Kuga varieties, cf. O 2.12 and 2.13, all special 
subvarieties are obtained this way, as long as one passes to different connected components of M using 
Hecke translates, cf. 12.141 In particular, the special subvariety is a connected component of 

the image Mk'{P\ Y') —> Mf'(P, y) where K' is some compact open subgroup of P'(Q) contained 
in K. 

The fine product condition on K shows that the natural projection Mf'(P, Y) ^ S := Mkq, (G, X) 
has a section given by (G,2f) ^ (P,y), so S is identified as a closed subscheme of M. Similarly, 
is fibred over = rG\2f+ with Fg = G(Q)+ D Kg and S~^ is a closed subscheme of M+ by 
the pure section. 

We write E for the reflex field of (P, y), and we study the Galois orbits of the form Gal(Q/F) • S' 
for S' a special subvariety in S^, as well as its mixed analogue. Note that the orbit may exceed S^. We 
can nevertheless restrict to orbits under Gal(Q/F+) with E~^ the field of definition of S^ corresponding 
to the kernel of Gal(F’^^/F) Fo(G)/G(M)+iFG- The difference is bounded by (G, X)) 

which is constant when we fix FT = iTw x Kg- 
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Finally, when we mention irreducible mixed Shimura (sub)data (P,y), we require that for some 
connected component of y we have P = MT(y+). 

The original estimation in ll29l 2.19 requires G to be of adjoint type. We prefer the following version 
for general reductive G: 

Theorem 5.4 (lower bound involving splitting fields). Let S = Mk{G, X) be a pure Shimura variety 
with reflex field E at some level K C G(Q) offline product type. Write .if = .^k for the automorphic 
line bundle on S, namely the ample line bundle of top degree automorphic forms on S, such that a fixed 
positive power of defines the Baily-Borel compactification of S. We also fix an integer N > 0. 

Let W be a non-trivial 'Q-torus in G, with splitting field Pt. arising as the connected center of G' 
for some irreducible pure subdatum (G', X') of (G, X). Assume that the GRH holds for Px- Then the 
following inequality holds for any T-special subvariety S' d S defined by (G', X'): 

deg^(Gal(Q/P) • S') > cjvP 7 v(T) • max{l, /(T, Kp)} 

p€A(T,K) 

where 

• = (log P(T))^ with D(T) the absolute discriminant of the splitting field o/Px; 

• A(T, K) is the set of rational primes p such that Px,p £ Px“ with 

- TCt,p = T(Qp) n Kp 

— the maximal compact open subgroup o/T(Qp) 

and A(T,P) is finite, i.e. Px,p = Kfl'^pforall but finitely many p; 

• /(T,Pp) = 6[P”-:Px,p];’ 

• cjsf, b G M>o are constants independent of K, T; moreover b is independent of N. 

The proof makes use of a few useful uniform bounds , among which we single out the following (cf. 
||29l 2.4, 2.5): 

Lemma 5.5 (uniform bounds). Let (G, A) be a pure Shimura datum, and write do, for the dimension 
ofG. Then: 

(1) If W is a Q-torus in G, then the degree of the splitting field Px o/T is uniformly bounded in terms 
of do- 

(2) If{G' , X') is a pure subdatum of {G,X), then the degree of the reflex field E' = P(G', A') is 
uniformly bounded in terms of do,. In fact we can find a Q-torus H in G whose splitting field contains 
P(G',A'). 

Of course by being uniformly bounded in terms of do, we mean being less than some positive constant 
that only depends on do,. 

Sketch of the proof o fiS^ We adapt the strategy in ll29l Subsection 2.2 (from Definition 2.10 to Theo¬ 
rem 2.19) into two steps: 

Step 1. For (G', A') a general pure Shimura datum and S' a connected component of M^fG',X'), 
with reflex field E' = E{G', X'), the aufomorphic line bundle, T fhe connecfed cenfer of 
G', and Px the splitting field of T, we have 

deg^^, (Gal(Q/P') • S') > d^D^fT) ■ J] max{l, /(T, P^)} 

pGA(T,iro 

under fhe GRH for Px, where D]\f{T) is fhe A-fh power of fhe logarifhm of fhe absolufe dis- 
criminanf of Px, A(T, P') and /(T, K'p) are defined in fhe same way as in fhe sfafemenf of l5.4l 
wifh P replaced by K'. The definition of /(T, K'p) = : Kf p] involves some absolute 

consfanf b' fhaf only depends on fhe dimension dc' of G' and some fixed faifhful represenfafion 
p' ■. G' ^ GLa,q wifh A some free Z-module of finite rank, and fhe consfanf c(y only depends 
on dc' > p' and N. 

Note fhaf when G is of adjoinf fype fhis is Theorem 2.19 of Il29ll . The proof for general G 
is almosf fhe same, and one needs fo modify some esfimafion of absolufe consfanfs: when G is 
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of adjoint type, the Hodge structures defined by x G X on algebraic representations of G (such 
as A) are of weight zero; for general G the weight is not necessarily zero, but only one such 
representation A is involved, and only finitely many Hodge types arise when x runs through X 
(and is actually independent of the choice of x), hence one obtains estimations similar to Il29l 
2.13 and (301 2.13. 

Step 2. When we consider T-special subvarieties f{S') realized as the image of some connected com¬ 
ponent S' of Mk'{G', X') along / : Mk'{G', X') —>■ Mk{G, X) with K' = K n G'(Q), we 
have 

deg^fiS')>deg^^, S' 

which is adapted from (141 5.3.10, cf. l5.6l below. We use a fixed faithful representation p : G 
GLa,q whose restriction to G' gives the representation p' in Step 1. Note that K' = Kn G'(Q) 
hence A(T,Ar') = A(T, AT) and J : Kt,p] for p G A(T,A:). From 

this the desired estimation on the degree of Gal(Q/£') • f{S') is obtained, after replacing c'p^ 
and b' by some new constants that only depend on do, p, and N. In particular, the constants cn 
and b do not depend on K and T. 

It should be mentioned that the estimation in Step 1 involves the morphism tt' : Mk'{G', X') 
Mk'AG', X') where AT'™ = K'^ x where 

• ATp™*™ := only enlarges AT^ using the maximal compact open subgroup of 

T(Qp); 

• for p = 3, A'g’" = ATg™*^^ fi where is a fixed neat compact open subgroup of G\^\{'L^), 

and : ATg"*] is bounded by some constant that only depends on the rank of p'. 

tt' is finite etale of degree [K'^ : K'] by (291 2.11, and by (291 2.12 the degree of Gal(Q/FT) • S' is at 
least the degree of Gal(Q/FT) • S''n7r'“^7r'(S'') times the cardinality of the Gal(Q/A t)- orbit of it' (S'). 
Under the GRH for Ft, this latter cardinality is at least Dn{T) up to some absolute constant, following 
the proof of (29l 2.13, and the former degree is at least I (T, K') up to some absolute constant, following 
(2912.16, 2.17, and 2.18. □ 

Lemma 5.6 (generic injectivity). Let (G', X') C (G, X) be an inclusion of pure Shimura data. Assume 
that {G',X') and (G, A) are irreducible, and let K C G(Q) be a neat compact open subgroup. Put 
K' = Kr) G'(Q), then 

(1) we have Tq' D Tq, where Tg' resp. Tg is the connected center of G' resp. ofG; 

(2) the morphism f : M^fG', X') —> Mk{G, X) is generically injective; 

(3) deg^ fiS') > deg_ 5 f/ S' for ££ resp. the automorphic line bundle on Mk{G, X) resp. on 
AIj^i (G', X'), and S' any connected component of (G', X'). 

Proof. (1) Note that G' is a Q-subgroup of G, and it normalizes Hence G'G®*®'^ is already a 

Q-subgroup of G. Take an arbitrary x G X', we have x(S) C Gjg. Conjugate x by an arbitrary 
g = th £ G(M) with t G Tg(K) and h G G^®’’(M), we have t{x) = Int(f) o x = x because t 
is central in G(R) and thus g{x) = h{x) = Int(A) o x has image in G'G'^®'’. Since X = G(R)x, 
by 12.101 we get a subdatum (G'G'^®'^, A = G'(M)G'^®'^(M)a;), and the irreducibility of (G, A) gives 
G = G'G®^®k Clearly we have C G®^®", and G' = Tg'G'®^®" and G = TgG'^®", hence the 

inclusion Tg C Tg'- 

(2) Let N := NgG' be the normalizer of G' in G. By the arguments in (29l Lemma 2.2, N is 
reductive. 

We claim that the quotient N/G' is compact. Since N D G' D Tg, we have N/G' = Nad/G'^^j, 
where G'^ is the image of G' in Gad := G/Tg, and Nad is the normalizer of G^^ in Gad^ equal 
to the reduction modulo Tg of N, and thus the equality N/G' = Nad/G'^^j. Since (G^^, A^^) = 
(G', A')/Tg is a subdatum of (Gad, Aad) := (G, A)/Tg with Gad semi-simple, the centralizer of 
G^^ in Gad is compact because it commutes with x(i) for any x G X'^ in Gad(R)- The neutral 
component N°j admits an almost direct product of the form G^^L', with L commuting with G'^, 
hence L is compact, from which we get the compactness of N/G' = Nad/Gad- 

Since K is neat, we have N(Q) D A = G'(Q) n K, and repeat the arguments in (29l gives the generic 
injectivity of / : Mk'{G',X') —>■ Mk{G, X). 
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(3) The sheaf A^^k' = f*-^ ® is nef by |[T4]| 5.3.5. It remains to argue as in |[T4l 5.3.10, using 
the generic injectivity proved in (2), because the original proof of 5.3.10 requires G to be of adjoint type 
only for the generic injectivity of / using Il29l Lemma 2.2. □ 


The reader might be left with the impression that in order to adapt the strategy in Ifldll and |[29]l for 
general mixed Shimura varieties one might need to assume the GRH for all the splitting fields Ft for 
the T-special subvarieties involved. Actually we have: 

Lemma 5.7 (reduction to CM fields). In order to prove the Andre-Oort conjecture, it sujjices work 
with a connected mixed Shimura variety M = r\y'*‘ defined by a connected mixed Shimura datum 
(P, Y ; Y^) = W X {G,X; X~^) such that if (Pi, Ti; ) is an irreducible (T, w)-special subdatum 
of (P, Y ; Y'^), then the splitting field Ft o/T is a CM field. 

Proof Bv l2.221f2.231 and the discussion in l2.24[ the Andre-Oort conjecture is already reduced to mixed 
Shimura varieties defined by subdafa of (Go, 2 lo) x (L, Yif), where Go is semi-simple of adjoint type, 
and(L,yL) = N X (H, Xh) is a product of finitely many mixed Shimura data of Siegel type. If (P', Y') 
is an irreducible (T, mj-special subdatum of (Go, 2fo) x (L, Yif), then T is the connected center of G' 
coming from some irreducible subdatum (G', X') C (Go, 2fo) x (H, Xh), with H a product of finitely 
many GSpv^ - In particular, the connected center of H is a split Q-torus. 

Consider the image {G",X") of (G',X') along (Go,Xo) x (H'^^,X^), where is the adjoint 
quotient of H. Since the kernel of H ^ is a split Q-torus, and the image of T in G" is the 
connected center T" of G", we see that the kernel T' of T —> T" is a Q-group of multiplicative type 
isogeneous to a split Q-torus. In particular, take the character group X(T) = HomQ_Qj.(TQ, Giuq) we 
get an commutative diagram with exact rows 


0-^ X(T")-^^ X(T) 



0-- X(T") Q — X(T) Gz Q 


X(T') 

X(T') 


0 


where the morphisms are equivariant with respect to the evident action of Gal(Q/Q). The first two 
vertical maps are inclusion because T and T" are Q-torus, and Gal(Q/Q) acts on X(T') (g)^ Q because 
T' is a Q-subgroup of the split center of H. Diagram chasing shows that the actions of Gal(Q/Q) on 
X(T") and on X(T) have the same kernel, which means T and T" have the same splitting field, which 
is a CM field by OOl 2.3. □ 

Remark 5.8 (irreducible subdata). Although we do not repeat all the proofs in |[29l . we remark that the 
condition of G being of adjoint type could be relaxed into requiring (G,X) to be irreducible for the 
first half of Section 1 of |[29l . using our lemma 1531 In ll29l 2.13, one needs G to be of adjoint type so 
that the splitting fields of the connected centers of irreducible T-special subdata are CM fields (for T 
non-trivial). We cannof achieve this for general G unless we make use of the reduction 15. 7l to modify 
the defining dafa. 

In the rest of this section, only the next theorem requires the GRH for the splitting field Ft for the 
estimation of Galois orbits of pure special subvarieties in the (T, tcj-special case. The CM version will 
be needed in the last section, where we work under l6T] and all the splitting fields are CM fields. 

Theorem 5.9 (orbif of a pure special subvariefy). Let (P,T) = W x (G,X) be a mixed Shimura 
datum, with E its reflex field, and M = (P, Y) the mixed Shimura variety it defines at some level 

K of fine product type. Write n : M ^ S = (G, X)for the natural projection and i(0) : S ^ M 

the pure section. Denote by the pull-back with A£s ihe canonical line bundle on S. We also 

fix an integer N > 0. 

Let M' be a pure special subvariety of M defined by a subdatum of the form {wG'w~^ ,wX'; wX'~^) 
for some T-special pure subdatum (G',X') C (G,X) with T non-trivial Q-torus and w G W(Q). 
Then we have the following lower bound assuming the GRH for the splitting field Ft of T, using the 
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same constants cat, 6 and the notations as in 

deg^(Gal(Q/E) • M') > cnDn{T) max{l,/(T,ifG(w^))} 

P€A{T,Kg{'w)) 

where Dn{T) = (logZ)(T))^, Kg{w) = {g e Kg : wgw~^g~^ G Kw} and I(T,Kg{w)p) = 

: Kt{w)p] with Kt:{w) = Kg{w) n T(Q). 

Before entering the proof, we first justify some notations in the statement: 

Lemma 5.10. ln \5.9\ Kg{ w)p = G(Qp) n Kg {w) is a compact open subgroup contained in Kg,p, and 
it is equal to Kg, p for all but finitely many p’s. In particular, Kg{w) = Kg{w)p is of fine product 
type. 

Proof. For all but finitely many p’s, we have w G W(Q) n K-w^p and wgw~^g~^ G K-w^p for all 
g G Kg,p as Kg stabilizes iFw- 

When w ^ K-w^p, write w = {u,v) for some u G U(Q) and v G V(Q). We have seen in 12.51 
that w'^ = {nu, nv), hence w"' G iFw for n a multiple of some constant integer > 0. In par¬ 
ticular, the subgroup iFv[u] generated by v and K^ in V(Q) is compact, the subgroup generated by 
'iP{Ky[v], Ky[v]), u and Kg is compact, and thus they generate a compact open subgroup Ffwlrr:] of 
W (Q) in which Kyt is cofinite, and its stabilizer in Kg is cofinite, hence the claim on Kg{w). □ 

The proof of l5.9l is easily reduced to the following: 

Lemma 5.11 (finite index). The action of Gal{Q/E) on Mk^ {wGw~^ ,wX) is identified with its 
action on Ma'q(i„)(G, X) where K^ = wG{Q)w~^ H iTw ^ Kg. 

Proof. We notice that K'^ = t(;G(Q)rc“^niFwXi-ffG is equal to wKG{w)w~^,heca.me- {w, 1)(1, g){w~^ , 1) 
{wg{w~^),g) = {wgw~^g~^, g) for re G W and p G G. From the isomorphism wGw~^ = G we 
get an isomorphism of pure Shimura data {wGw~^, wX) = (G, X), and thus an isomorphism of pure 
Shimura varieties A : M{w) := Mk^{wGw~^ ,wX) = S{w) := Mxq{w){G,X). From the equality 

w{Kyj XI Kg{w))w~^ = wKYrw~^ xi K^ as compact open subgroups in P(Q), we deduce that the 
Hecke translation (defined in 12. 141 2)). namely the isomorphism 

restricts to the isomorphism A : XI(w) = S{w) above, where M{w) resp. S{w) is regarded as a 
pure section of (P, P) resp. of P) using the equality (P, P) = W xi 

{wGw-^,wX) resp. (P, P) = W XI (G, X). Since the Hecke translation is an isomorphism defined 
over the common reflex field E = £'(G, X), it transports the action of Gal(Q/£') on S{w) to that on 
M{w), hence the claim. □ 

Proof oi f5^ We have the commutative diagram: 


XI{w) > XI 


S{w) 


S = M(0) 


with i{w) the inclusion of the pure special subvariety M{w) > M. Since A is an isomorphism, the 
degree of a closed subvariety Z in XI{w) against i{w)*TT*.^s is the same as the degree of X{Z) C 
S{w) against f*.5Z’s = with the last equality by 1(141 5.3.2(1). Taking Z to be the pure special 

subvariety defined by {wG'w~^,wX'] VFX'+), then its image under A is the special subvariety in S{w) 
defined by (G', X'; X'+). Using (5^ with Kg replaced by Kg{w) we get 

deg^(Gal(Q/.E)-M') = deg^^(^^(Gal(Q/F;)-A(M')) > cnDn{T) J] max{l, I(T, Xg(u;))}. 

p&A{T,Kci(w)) 


□ 
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Remark 5.12 (unipotent Hecke translation). We have seen in the proof of IS.lll that the Hecke translation 
Tw (namely conjugation by w~^ cf. 12.141 2)) gives w{K'w x Kg)w~^ = {wK-ww~^) x under the 
assumption Kg = Kg{w), hence the isomorphism ,Y) M/f(P,y) sending the pure 

section given by , wX) to the one given by (G, X). 

In particular, if -0 = 0, then W is commutative, which gives us equalities wK-ww~^ = K-w and 
w{K-w X Kg)w~^ = wK'ww~^ X K^. In this case, if we have Kg = Kg{w), then conjugation by 
defines an automorphism of Mk(P,Y) translating the pure section ,wX) to 

MKa{G,X). 

If we are in the Kuga case U = 0, then we are again led to the picture of torsion sections of abelian 
schemes. The natural projection tt : M = x G, V(M)X) S = Mkc,{G, X) is an 

abelian 5-scheme. If n € V(Q) is of order n in V(Q)/iirv, then the maximal pure Shimura subvariety 
defined by {vGv~^ ,vX) is confained in M[n] fhe n-forsion parf of tt : M ^ 5. If is a section fo tt if 
and only if Kg = Kg{v). Similarly, if V = 0 / U, fhen tt : M = x G, U(C)X) ^ 

5 = Mkg (G, X) is an 5-forus, and in fhis case an element u € U(Q) satisfying Kg = Kg{u) gives 
a torsion section M (u) using formulas similar to the Kuga case. This also allows us to talk about the 
case ijj = 0 where W = U © V is a commutative unipotent Q-group, and the results are parallel. 

We want to take a closer look at the term I{T, Kg{w)). In |[29l 3.15, the faithful representation 
p : G — > GLa,q leads to an inequality I(T,Kp) > c ■ p for all prime p such that p is unramified 
in fhe splitting field of T and fhaf Kp = GLa(Zp) H G(Qp). In our case, besides fhe represenfafion 
p we have furlher pu and pv in fhe definifion of mixed Shimura dafa, and we wanf fo show fhaf for 
p G A(T, Kg{w)) we have furfher /(T, Kg{w)p) > c ■ ordp^w, K-w), using fhe following definifion: 

Definition 5.13 (forsion order). Lef W be fhe unipofenf radical of P from some mixed Shimura dafum 
(P, F) = W X (G,X), which is a cenfral extension of V by U via ijr. The order of w wifh respecf 
fo a compacf open subgroup Xw C W(Q) is fhe smallesf infeger n > 0 such fhat G Xw for all 

N G nZ. 

If Xw is the subgroup of W(Q) generated by compact open subgroups Xu C U(Q) and Xv C 
V(Q) via r/) (satisfying 'i/:(Xv x Xv) C Xu), then by writing w = {u,v) for u G U(Q) and 
V G V(Q) we see that ord(m,Xw) is the least common multiple of ord(rt, Xu) and ord(r;,Xv), 
where ord(ri, Xu) is the order of the class [u] in the torsion abelian group U(Q)/Xu, and similarly for 
ord(n, Xv). The order for W(Q)/Xw is thus well-defined, alfhough fhe quofienf is only a pointed sef 
wifh an action of Z, rafher fhan a group. 

If fhe Xu and Xv above are of fine producf type, then we have ord(m, Xw) = Op ordp(m, Xw), 
where ordp(w;, Xw) is the order of w in W(Qp)/Xw,p- The product makes sense because w G K'w^p 
for all but finitely many p’s, i.e. ordp(u;, Xw) = 1 for almost every p. We also have ordp(w;, Xw) = 
max{ordp(ri, Xu), ordp(r;, Xv)} when we write m = {u,v). Note that the abelian groups U(Qp) /Xu, p 
and V(Qp)/Xv,p are p-torsion groups, the torsion orders ordp(ti, Xu) and ordp(?;, Xv) are p-powers, 
hence so it is with ordp(r(;, Xw)- 

Example 5.14 (torsion order in the Siegel case). We first consider the torsion order in the Siegel case, 
using the mixed Shimura datum defined in 12.171 We have a symplecfic form y) : V x V ^ U wifh 
U = Ga, the extension W of V by U, and we have fhe pure Shimura dafum (G, X) = (GSpv, ,7^), 
as well as fhe mixed Shimura dafum (P,F) = W x (G,X), fhe reflex field of which is Q. Taking 
a compacf open subgroup X = Xw x Kg of fine producf fype, we have fhe mixed Shimura dafum 
M = Mk{G, Y) fibred over 5 = Mkg(G, X). 

Note fhaf (GSpv,,^^) is irreducible. In facf Spv is the minimal Q-subgroup of GSpv whose 
base change to M contains all 3:(§^) for x G and = Ker(Nmc;/]R : S ^ Gm,M), otherwise 
the Hermitian symmetric domain could be produced from H(M)+ by some smaller reductive Q- 
subgroup H C Spv using 12.101 contradicting the classification of simple Hermitian symmetric spaces; 
and for any x G the image of Gm,R in S (corresponding to C C^) along x is a central M-torus 
of GSpv R, and coincides with the center of GSpv r, hence GSpv is already the generic Mumford-Tate 
group of Let (G',X') be an irreducible pure subdatum of (G,X), with T the connected center 
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of G'. Since (GSpv,=^^) is already irreducible, by IS-bl ll we see that T contains Gm the center of 
GSpv 

The center Gm of G = GSpv acts on V by central scaling, and it acts on U by the square of central 
scaling. Taking a compact open subgroup Kg of G(Q) of the form iTjj^ifQder and Ku, Ky, K-w as 
in l2.151 we see that = T(Q) n Kg 13 Kg,^. 

In particular, for any w € W(Q) and p € A(T, Kg{w)) we have 

: KtHp] > [KZ^P ■■ KgMp]. 

Write w = {u,v) for u G U(Q) and v G V(Q). K^^^ = acts on U(Qp)/iTu,p by automorphism 
t{u) = t'^u where f G and the bar stands for the class modulo Kjj,p- The action preserves the 
order ordp(rt, Kg), and it stabilizes the image of Z^ rt modulo Kg, which is isomorphic to Zp/p”^ with 
ptn _ ordp(ri, Kg)- Hence the cardinality of the quotient [K^^p ■ ^Gin,p] equal to 

#{f2 : t G (Zp/p™)X} = i#(Zp/p™) = ^ordp(u,iTu). 

The case of V is similar: Gm is the common center of GLv and GSpv, hence 

[^G^p : KgZw)p] > ^-^ordp(u,iTv) 

and combining it with the case of U we get 

: KtHp] > ^OTdp{w,Kw). 

Proposition 5.15 (torsion order in the product case). Let (P, P) = W xi (G, X) be an irreducible mixed 
Shimura subdatum of a product datum of finitely many mixed Shimura data of Siegel type (including 
Ruga data) (L,yL) = N x (H,Xh) = f\j(Pj,'^j) x (Q,r), with {G,X) C (H,Ah). Let K = 

K-^ X Kg be a compact open subgroup of fine product type restricting to Kp = iTw x Kg- 

Let (P',y') := W' X {wG'w~^,wX') be an irreducible (T,w)-special subdatum o/(P,y), with 
w G W(Q) non-trivial- Keeping the notations as in 15.91 we have: 

(1) for p G A(T,ifG(w^)) have L{T,Kg{w)p) > c ■ oicdp{w, K-w), c being some constant 
independent of K and T; 

(2) there is a constant integer N > 0 such that G K^f^pfor p ^ A(T, ArG(^^)). tmd N is 
independent of (G',X'), T, and K. 

Proof Since (P',y') = W' x {wG'w~^,wX') is irreducible, (G',X') is irreducible by 12.1 II Take 
any connected component X'+ of X', we have G" := MT(X'+) with and strictly irre¬ 

ducible data (G", X") with X” = G"(M)X'+ and (P", Y") = W' x {wG''w-^,wX''). (G", X") be¬ 
ing a strictly irreducible pure Shimura subdatum of (H, Xh) = (GSpv^, ) x • • • x (GSpv„,^vJ, 

we have = X'+ C X^ for some connected component of Xh, and this gives an inclusion 
of strictly iiTeducible pure Shimura data (G",X") C (H',X{j = H'(M)Xj^), where H' is the Q- 
subgroup generated by ^ central split Q-torus Gmm which acts on each Yj by the 

central scaling. From l5.6f ll we get Gm C T' with T' the connected center of G'. Since G' C G and 
Q/der ^ Qder^ ggj Gm C T' C T. 

We write C for this split Q-torus so as to avoid ambiguities with other Gm, like those arising as the 
connected centers of the GSpv^ - 

(1) The inclusion C C T gives Kc{w) C Kt(w) C Kg{w), and for any prime p we have 
Kg{w)p C Kt:{w)p C AG(rc)p and C K^p- The cardinality X^“/Xc(rc)p resp. KZp/Kt{w)p 

equals the cardinality of the XQ^^-orbit resp. the X.^“-orbit of the class of w in the quotient set 
Xw,p\W(Qp), hence forp G A('t,Xg(ui)) i.e. b Kt^{w)p we have 

[X“- : KZw)p\ > : Xc(u;)p] > ^ordp(u;,Xw) 

where the last inequality follows from 15.141 although w comes from W(Q) with W an extension of 
V by U, what matters is that K^p = ^p acts on V(Qp) by the central scaling and on U(Qp) by 
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the square of central scaling, and the estimation in 15.141 applies. It remains to put c = bjA using 

I{T,Kg{w)p) = : Kt{w)p\. 

(2) Forp ^ A{T, Kg{w)) we have = Kt{w)p, and in this case = Kc,p = 

Zp : if Kc^p = Kt,p n C(Qp) is not maximal, then we get Kq^^Kt^^p D which is absurd. For 

any g G FfT,p^ we have wgw~^g~^ G K-w,p- Take g = t £ Kc,p = Zp we have 

wgw~^g~^ = {u — t^u — '4>{v, tv),v — tv, 1) = {u — t^u, v — tv, 1) G K'w^p 
where we use il^{v, tv) = til^{v, v) = 0. 

Concerning the term v — tv = {1 — t)v: for p > 3, we may take f = 2 G Zp, and v — tv £ Ky 
implies v £ Ky', for p = 2, we still have 3 G Zp , which gives 2v £ Ky- 

Concerning the term u — t^u = (1 — t^)u'. for p > 5, the subgroup {t^ : t G Zp } is a subgroup of 
index 2 in Zp, which contains 1 + pZp as a proper subset. In particular we can find t G Zp such that 
1 — is a unit in Zp, hence u £ K\j in this case. For p < 3, we can still find f G Zp such fhat 1 — 
divides 12. 

Hence if suffices to take = 12. □ 

Corollary 5.16 (torsion order in the embedded case). Let (P, P) = W xi (G, X) = (U, V) x (G, X) 
be a subdatum of a product of the form (Go,2fo) x (L,!^) with Go of adjoint type, (L,!^) = N x 
(H,Xh) = (Un,Vn)x(H,Xh) a finite product of mixed Shimura data of Siegel type and (G, X) C 
(Go,Xo) X (H,Xh). We write (H,Xh) = (GSpv,,^Vi) x ••• x (GSpv„,^vJ. Let K = K^ x 
(i^Go ^ Kn) be a compact open subgroup of fine product type, which restricts to iTp = K^f x Kq,. 

If{V',Y') = W' X [wG'w ^,wX') is a strictly irreducible {W,w)-subdatum of (P,Y) for some 
w £ W(Q), then using the notations in \5.9\ we have: 

(1) L{T,Kg{w)p) > c ■ ordp{w, K'w), c being some constant independent of [G',X'), K, andT; 

(2) there is a constant integer N > 0 such that £ K-w,pfor p A(T,iTG(m)), and N is 
independent of {G', X'), K, and T. 

Proof Let x = {xq,xi) be a point in Xq x Xu from the datum (Go, 2fo) x (H, Ah), and let GmK C S 
be the split M-torus corresponding to C C^. Then xi(GmR) acts on Vn,k via the central scaling 
and on Un,k via the square of the central scaling, while xo(GmM) is trivial, because bv I2.11 il xq sends 
GmR into the center of Go which is trivial. Let C be the split Q-torus isomorphic to Gm in H = 
GSpvi X • • • X GSpv„ which is the diagonal of Gm x • • • x Gm, as we have seen in 12.171 31 (we write C 
instead of Gm so as to avoid ambiguities with the connected centers of GSpv^ )- C is one-dimensional, 
and we have shown that for any given x £ Xq x Ah, C is the minimal Q-subtorus in Go x H whose 
base change to M contains x(GmR), and in fact Cr = x(GmR)- 

When x runs thr'ough A', the generic Mumford-Tate group G' = MT(A'+) for some connected 
component A'+ of A' necessarily contains C because Gf^ D x(GmR) = Cr. Clearly C is central in 
Go X H, hence it is central in G', and we get C C T. It remains to argue as in 15.151 

Note that the constants c and N are the same as in 15.151 □ 


Remark 5.17 (torsion order in general). (1) The corollary 15 .16l above is sufficient for the study of Andre- 
Oort conjecture for mixed Shimura varieties using the reductions 12.221 and 12.231 For a general mixed 
Shimura datum (P,P) = W x (G, A) mapped into (Gq, Aq) x (L,1l) with finite kernel, where 
(L, Al) = N X (H, Ah) is a product of mixed Shimura data of Siegel type with (G, A) mapped into 
(H, Ah), the image of a strictly irreducible (T, m)-special subdatum (P', Y') = W x {wG'w~^ ,wX') 
in (L, Al) is a strictly irreducible subdatum (P", A") = W" x {w''G''w''~^,w''X”), and the connected 
center T" of G", which is the image of T, contains C the split central Q-torus constructed in the product 
case. The pre-image of C in T must contain a split Q-torus C' which is mapped onto C. We do have 
[A-- : Kt{w)p] > [A“- : Ka{w)p], but [A-- : Ka{w)p] > c'[A-- : Kc{w)p] is not evident. 
We have an exact sequence 

1 ^ C" ^ C' ^ C ^ 1 


with G" a finite Q-group of degree d (i.e. associated to a commutative Hopf Q-algebra of dimension d) 
and we have the exactness of 


1 ^ C"(Qp) ^ C'(Qp) ^ C(Qp) ^ 77HGal(Qp/Qp),C"(Qp). 
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Here the Galois cohomology H^{Qp, C") is of d-torsion, which implies that d-powers of elements in 
= Zp fall in the image of Using the exponential map |[T9l II.5.5, we can find an open 

subgroup Up in Up = 1 + 2pZp C with index [Up : Up] uniformly bounded independent of p. 
However [Z^ : Up] = p — 1 for p > 3, and using these arguments we can only arrive at an estimation 
of the form : K'y{'w)p] > ^oidp{w, K-w) for some absolute constant c, and this is not sufficient 

for some results in the last section concerning bounded equidistribution. It is for this reason that we do 
not proceed further for an estimation of torsion order in general. 

(2) Some of the arguments in l5.1 H and in 15. 141 have appeared in Q 4.2. GAO Ziyang has informed 
us of his work l[T2ll . where he obtained similar results independently. His work concentrates on Galois 
orbits of special points, and directly leads to the Andre-Oort conjecture without repeating the arguments 
for special subvarieties, due to the powerful machinery of o-minimality. He has restricted to the case 
that the pure part of the mixed Shimura varieties in question are given by subdata of Siegel type. Using 
our arguments it is natural to expect similar results valid for general mixed Shimura data that are subdata 
in some (Go, Xq ) X (L, 1l) as in the corollary above. 

6. Special subvarieties with bounded test invariants 

In this section we prove the equivalence between bounded sequences of special subvarieties and 
sequences with bounded test invariants, where the notion of test invariants is introduced as a substitute 
to the estimation of degrees of lower bounds for Galois orbits. We will also draw some conclusions 
under the GRH for CM fields, when the following assumption is satisfied: 

Assumption 6.1 (CM splitting fields). The ambient mixed Shimura variety Mx(P, Y) is defined by a 
mixed Shimura datum (P, U) = W xi (G, X) of some datum of the form (Go, Aio) x (L, 1l) where 
Go is semi-simple of adjoint type and (L, 1l) = N xi (H, N) is a finite product of mixed Shimura data 
of Siegel type (including Kuga ones). It is also required that (G, X) ^ (Go, 2fo) x (H, Xh). 

When this assumption holds, for any irreducible (T, u;)-special subdatum (P',y') of (P,y), the 
splitting field Ft of T is a CM field as we have seen in 15.71 and the Andre-Oort conjecture can be 
reduced to this case. 

We first recall the following criterion for the ergodic-Galois alternative in the pure case: 

Theorem 6.2 (bounded Galois orbits, cf. Il29l 3.10). Let S = Mk{G,X) be a pure Shimura variety, 
with E its reflex field, and (Sn) a sequence of special subvarieties, defined by (G„, Ai„). Write Ynfor 
the connected center o/G„, and D{Y)n the absolute discriminant of its splitting field over Q. If there 
exists some constant C > 0 such that 

logU(T„)- H max{l,/(T„,i^p)} <G,VnGN 
pgA(t„,a) 

then there exists finitely many Q-tori {Ci, • • • , C^v} in G such that each Sn is Ci-special for some i. 

In particular, assume that \6.1\ is satisfied, which means, in the pure case, that (G, A) is a subdatum 
of a product (Gq, Ao) x (H, Ah) with (H, Ah) a product of finitely many pure Shimura data of Siegel 
type, and assume the GRH for CM fields, if Gal(Q/F) ■ Sn < C, ^nfor some constant C > 0, 

being the automorphic line bundle on S, then the sequence {Sn) is bounded in the sense o f\3. 71 

The original statement was made assuming G being of adjoint type, and from l5.4l and l5.7l the modified 
form above is immediate. Note that the arguments in Il29l 3.13 - 3.21 do not rely on the GRH for 
CM fields, and the GRH is not involved for sequences of pure special subvarieties with bounded test 
invariants. It is used when we pass to Galois orbits of bounded degrees. 

For a sequence of pure special subvarieties in a mixed Shimura variety we immediately get: 

Corollary 6.3 (pure special subvarieties of bounded Galois orbits). Let M = Mi^(P,y) be a mixed 
Shimura variety satisfying I6.il which is defined over the reflex field E = F(P,y) as in \5.3\ with 
the automorphic line bundle on S, and let [Mn) be a sequence of pure special subvarieties, defined by 
irreducible (T„, Wn)-special pure subdata (P„, Yn) = W„ xi {wnGnWf^ ,WnXn)- If there exists some 
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constant C > 0 such that 

logi:)(T„) max{l,/(T„,K'G(wn)p)} < C', Vn G N 

peA{Tn,KG{w„)) 

then the sequence is B-bounded for some B in the sense of \3. 71 The analytic closure o/Un a finite 
union of pure special subvarieties bounded by B. 

In particular, under the GRHfor CM fields, a sequence of pure special subvarieties (Mn) such that 

Gal(Q/E) ■ Mn<C, Vn 

for some constant C > 0 is bounded by some B, and the analytic closure of |J^ is a finite union of 
B-bounded pure special subvarieties. 

Proof Write tt : M ^ S = Mk^ (G, X) for the natural projection. Then the images Sn = vr(M„) C S 
is a sequence of pure special subvarieties, with being T„-special. It is clear that A(T„,if’G) C 
A(T„, KG{wn)), and thus 

logi?(T„) n max{l,/(T„,iTG)}<G 

pGA{Tri,KG) 

which implies that the sequence {Sn) is bounded. In particular, we can choose the defining subdatum 
for {Mn) to be {wnGnWf^ ,WnXn) such that the connected centers of the Gn come from a fixed finife 
sef {Tq, : a £ A} {A finite), and the absolute discriminants T)(Tq,) assume only finitely many values. 

Therefore the sequence /(T„, KG{wn)) is also bounded by some constant C, and ordp(u)„, Xw) < 
C"/c for p G A(T„, KG{wn)) where c is the constant in l5.161 We see that 

• forp G A(T„, KG{wn)), OTdp{w, ATw) < Ci, with Ci some constant independent of Wn, T„, K\ 
in particular, the union (J^ A(T„, KG{wn)) is finite; 

• for p ^ A(T„, KG{wn)) and p not dividing N (the constant in l5.16( 211. we have w G Kw,p', 

• for p ^ A(T, KG{wn)) and p dividing N, we have Wn G Arw,p and ordp(m„, Xw) < 

{Vp is the p-adic valuation such that Vp{p) = 1); more precisely we have A = 12 and for p = 2 
or p = 3 we have ordp(ru„, Kw) < 4. 

Hence there are only finitely many choices for the classes of Wn = {un, Vn) modulo K-w and we may 
take rUn’s from a fixed finife subset of W (Q), which means that the sequence (M„) is bounded. 

The claim on sequences whose Galois orbits are of bounded degrees is clear. □ 

Note that the conclusion of the corollary above is very restrictive: we have started with a sequence of 
pure special subvarieties and ended up with finitely many pure special subvarieties. The finitely many 
choices of the ry^’s modulo K-w have forced the sequence to lie in the union of finitely many maximal 
pure special subvarieties of M. 

In the mixed case, we propose the following substitute for the estimation of Galois orbits. 

Definition 6.4 (test invariants!. Let M = Mi^(P, Y) be a mixed Shimura variety satisfying 16.11 defined 
at some level K of fine product type with M+ a connected component of M given by Y~^ C Y. 
For M' a special subvariety defined by a sfricfly irreducible (T, mj-special subdatum (P', Y'; Y''^) = 
W' XI {wG'w ^ ,wX'; wX'^), we define fhe test invariant of M' to be 


tm(M') := log Z)(T) min 
w'Gwqq 


IT max{l,I{T,KG{w'))} 

J 

P€A(T,Kg(w')) 

where T is the connected center of G', L*(T) is the absolute discriminant of its splitting field. The 
subdata W' xi {w'G'w'~^, w'X'; w'X'~^) define the same special subvariety M' bv l2.81 and the minimum 
over W'(Q)r(; is justified bv l5.161 

The definition is independent of the choice of the subdata defining M', as one may verify using 13.81 

Theorem 6.5 (special subvarieties of bounded test invariants!. Let M = Mi^(P, Y) be a mixed Shimura 
variety satisfying I6.il with K = Kw x Kg and reflex field E be as in 15.31 and fix M~^ the com¬ 
ponent of M given by Y'^ and T = P(Q)_|_ n K. Let {Mn) be a sequence of special subvarieties 
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in M+ defined by stricdy irreducible {Tn,Wn)-special connected subdata = W„ xi 

{wnGnW~^ ^WnXn', WnXifi) such that for some constant C > D we have 

TM{Mn) < C,\/n. 


Then 

(1) the sequence is B-bounded for some finite B. 

(2) Assume further the GRH for CM fields. Then we can find a compact open subgroup K' <Z K of 
fine product type K' = Kl^ x K'^ such that for M'^ the connected component corresponding to 
and P(Q)+ H K' in M' = Mj^'(P, Y) we have the estimation of Galois orbits 


deg^*^ Gal(Q/£^) • S'^ > CArL>Ar(T„) min 
® w'eWM 


n m.ax{l,I(Tn,K'^{w')p)} 

' p(^A{T„,K'^(w')) 


where 

• = {g e K'^: wgw~^g~^ € ^wl*' 

• Afs' B the automorphic line bundle on S' = (G, X); 

• S'j^ is any maximal pure special subvariety in the special subvariety defined by (Pn; Yn] Yf ') 

in M'+. 


In other words, the test invariants are potentially the “correct” numerical bounds for Galois orbits in 
the mixed case, as long as we restrict our attention to bounded sequences. 

Proof (1) Write tt : M ^ S = Mkq (G, X) for the natural projection, and Sn = TT{Mn). Then similar 
to l6.31 Sn is T„-special, with bounded test invariants 

logT>(T„) max{l,/(T„,iTG,p)} < G. 

pGA(T,,irG) 

Therefore {Sn) is bounded, and the sequence logT)(T„) only takes finitely many values. We may 
replace Wn by w'n G YVn{Q)wn which minimizes the following set of values 

{ max{l,/(T„,iTG(m)p)} : m G W„(Q)t(;n} 

P€A{T„,A'g(io)) 

without changing the special subvarieties. Then npGA(Tn )) -^G('“^n)p)} ^ G', Vn 

for some constant C > 0. We deduce that the classes of modulo K-w is finite, using 15.161 Since we 
may always translate by elements in Tw = W (Q) n K-w, we may take the m^’s from a fixed finite 
subset of W (Q), hence the claim. 

(2) Let B be a finite bounding set for (M„). 

Write w = {u,v), then wK'ww~^ = {{u' + 2'ip{v,v'),v') : u' G K\j,v' G Ksj}. We may shrink 
iTv to a compact open subgroup such that 2'ip{v,v') G Ku for all v' G Kl^. One may simply 
take = NKy for some integer > 0, and thus Kl^ is itself stabilized by Kg. Take Kq := 
n(T w)^B Xciw), and take the subgroup of Ksy generated by Kjj and Kl^^. Then stabilizes 
Kl^, and we take K' = x K'^^. 

Thus wK'w~^ = K' when (T, w) G B, and the Hecke translation by gives an automorphism of 
M' = AIki{Y,Y), sending the pure Shimura subvariety S'{w) = Mn,K'^w{wGw~^,wX) to 5"(0) = 
M^^(G,X), both of which are sections to the natural projection vr : M' S' = M^^(G,X). Let 
Ml be (T, mj-special subvariety in M'+ is defined by a strictly irreducible subdatum (P',y';y'+) = 
W' X {wG'w~^,wX'\wX'^). Then Si{w) := Mi n S'{w) is isomorphic to Si := 7r(Mi) using the 
pure section, and we get the bijection between Gal(Q/£') • Si, Gal(Q/£') • Si (m), and Gal(Q/iii) • Mi, 
from which the estimation follows. □ 

Remark 6.6 (lower bound of Tsimerman). The factor ci<iDy{Y) in 15.41 is as in Il29]l . which comes 
from a lower bound of the image of the reciprocity map of the form recx : Gal(Q/F) ^o(G^) —)■ 
with F the splitting field of the Q-torus T, proved in |[30l . In ESl Tsimerman proved 
a lower bound for a special point x in a Seigel modular variety in the form Cg{D{Zx)Y^, where 
is the center of the endomorphism algebra of the CM abelian variety parameterized by x, and D{Zx) 
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is the absolute discriminant of and it is polynomially equivalent to : Kt^J\ with T^; 

the Mumford-Tate group of x which is a Q-torus. The estimation is established unconditionally for CM 
abelian varieties of dimension at most 6, and it holds in arbitrary dimension under the GRH for CM 
fields. In our discussion we had preferred a uniform treatment for all Shimura varieties, including pure 
Shimura varieties that do not admit finite coverings embedded in Siegel modular varieties. Hence we 
have followed the formulation and the strategy in |[29l . 
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